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Abstract. We present a systematic, rigorous construction of all 70 strongly
rational, holomorphic vertex operator algebras V of central charge 24 with
non-zero weight-one space V1 as cyclic orbifold constructions associated with
the 24 Niemeier lattice vertex operator algebras VN and certain 226 short
automorphisms in Aut(VN ).
We show that up to algebraic conjugacy these automorphisms are exactly
the generalised deep holes, as introduced in [MS19], of the Niemeier lattice
vertex operator algebras with the additional property that their orders are
equal to those of the corresponding outer automorphisms.
Together with the constructions in [Höh17] and [MS19] this gives three
different uniform constructions of these vertex operator algebras, which are
related through 11 algebraic conjugacy classes in Co0.
Finally, by considering the inverse orbifold constructions associated with
the 226 short automorphisms, we give the first systematic proof of the result
that each strongly rational, holomorphic vertex operator algebra V of central
charge 24 with non-zero weight-one space V1 is uniquely determined by the
Lie algebra structure of V1.
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1. Introduction
The programme to classify the strongly rational, holomorphic vertex operator
algebras of central charge 24 was initiated by Schellekens in 1993. He showed that
the weight-one subspace V1 of such a vertex operator algebra V is one of 71 reductive
Lie algebras called Schellekens’ list [Sch93] (see also [DM04a, DM06, EMS20a]). He
conjectured that all potential Lie algebras are realised and that the V1-structure
fixes the vertex operator algebra V up to isomorphism.
By contributions of many authors over the last three decades the following clas-
sification result is now proved:
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2 GERALD HÖHN AND SVEN MÖLLER
Theorem. Up to isomorphism there are exactly 70 strongly rational, holomorphic
vertex operator algebras V of central charge 24 with V1 6= {0}. Such a vertex
operator algebra is uniquely determined by its V1-structure.
The original proof relies mainly on cyclic orbifold constructions but is based on
a case-by-case analysis with a variety of different approaches.
In [Höh17], a uniform proof of the existence part of the theorem was given,
depending on a conjecture on orbifolds of lattice vertex operator algebras proved
in [Lam19]. Each vertex operator algebra V is realised as a simple-current extension
of a certain dual pair in V .
Another systematic proof of the existence part of the theorem was recently given
in [MS19] by considering orbifold constructions V orb(g)Λ associated with generalised
deep holes g of the Leech lattice vertex operator algebra VΛ. The corresponding
inverse orbifold constructions are described in [ELMS20] and used to give a simpler
proof of Schellekens’ list of 71 Lie algebras.
In this work we shall describe a third systematic construction of the strongly
rational, holomorphic vertex operator algebras V of central charge 24 with V1 6= {0},
namely as orbifold constructions starting from the vertex operator algebras VN
associated with the 24 Niemeier lattices N , the positive-definite, even, unimodular
lattices of rank 24, which include the Leech lattice Λ.
At the centre of these three constructions, as was first observed in [Höh17],
are 11 algebraic conjugacy classes (i.e. conjugacy classes of cyclic subgroups, see
[CCN+85]) in the isometry group O(Λ) ∼= Co0 of the Leech lattice Λ, namely those
uniquely specified by the Frame shapes 124, 1828, 1636, 212, 142244, 1454, 12223262,
1373, 12214182, 2363 and 22102 (see Table 1). Evidently, these Frame shapes have
only non-negative exponents, but they are not characterised in Co0 by this property.
Given a Niemeier lattice N , the outer automorphism group Aut(VN )/K of the
corresponding lattice vertex operator algebra VN is isomorphic to H = O(N)/W
where W is the Weyl group of N , and H can be embedded into O(N).
Let g be an automorphism of finite order n of a Niemeier lattice vertex operator
algebra VN . Up to conjugation g is of the form νˆ e−(2pii)h(0) with ν ∈ H and
h ∈ piν(N ⊗Z Q) where piν is the projection onto the elements that are fixed by ν
(see Theorem 2.13). Then g is called short (see Definition 5.1) if
(1) g has type 0 (so that the cyclic orbifold construction V orb(g)N exists),
(2) ν (i.e. the projection of g to Aut(VN )/K ∼= H) has order n and
(3) h mod (Nν)′ has order n.
As the main result of the present text we establish the existence part of the classi-
fication theorem in a systematic way:
Theorem (Theorem 5.4, Corollary 5.5). The cyclic orbifold constructions V orb(g)N ,
where N runs through the 24 Niemeier lattices and g through the short automor-
phisms of the Niemeier lattice vertex operator algebras VN , realise all 70 non-zero
Lie algebras g on Schellekens’ list as weight-one spaces (V orb(g)N )1 ∼= g.
We classify the short automorphisms:
Theorem (Proposition 5.2). There are exactly 226 algebraic conjugacy classes of
short automorphisms of the Niemeier lattice vertex operator algebras VN , listed in
Table 2. Their projections to Aut(VN )/K ∼= H correspond to the 11 Frame shapes
in Table 1.
We then show that the short automorphisms g of the Niemeier lattice vertex
operator algebras VN are all generalised deep holes as introduced in [MS19], i.e.
(1) g has type 0,
3(2) the dimension of (V orb(g)N )1 attains the upper bound provided by the di-
mension formula in [MS19] (see Theorem 3.1), and
(3) the weight-one Lie algebras satisfy the orbifold rank condition rk((V gN )1) =
rk((V orb(g)N )1),
and additionally
(4) the order of g equals the order of the projection of g to Aut(VN )/K ∼= H.
Conditions (2) to (4) should be understood as extremality requirements.
The last condition (4) entails that the orders of the automorphisms of VN that
we consider are relatively small, namely equal to the orders of the corresponding 11
Frame shapes listed above. We contrast this to the uniform construction in [MS19],
which uses generalised deep holes of only the Leech lattice vertex operator algebra
VΛ projecting to the same 11 Frame shapes in O(Λ) but with orders up to 46.
We then prove that the 226 short automorphisms are already characterised by
these four properties:
Theorem (Theorem 5.10). The short automorphisms of the Niemeier lattice vertex
operator algebras VN are exactly the automorphisms of VN satisfying (1) to (4) (and
with rk((V gΛ )1) > 0 in the case of the Leech lattice Λ).
Finally, we give the first uniform proof of the uniqueness statement in the clas-
sification theorem at the beginning of the introduction:
Theorem (Theorem 6.5). Let g be a non-zero Lie algebra on Schellekens’ list.
Then there is a short automorphism g ∈ Aut(VN ) such that any strongly rational,
holomorphic vertex operator algebra V of central charge 24 with V1 ∼= g satisfies
V ∼= V orb(g)N . In particular, the vertex operator algebra structure of V is uniquely
determined by the Lie algebra structure of V1.
The proof follows the strategy laid out in [LS19] and uses the inverse orbifold
constructions associated with certain 157 of the 226 short automorphisms.
Outline. The paper is organised as follows: In Section 2 we review lattice vertex
operator algebras. Then we prove some results about automorphism groups of
vertex operator algebras and apply them to lattice vertex operator algebras.
In Section 3 we recall the cyclic orbifold theory for holomorphic vertex oper-
ator algebras developed in [EMS20a, Möl16] and state a dimension formula from
[EMS20b, MS19] for central charge 24. We also prove an orbifold rank criterion.
In Section 4 we summarise what is known about the classification of strongly
rational, holomorphic vertex operator algebras V of central charge 24 and provide
the context, mainly from [Höh17, MS19], for the uniform description in this text.
In Section 5 we systematically define a total of 226 short automorphisms of
the vertex operator algebras VN associated with the 24 Niemeier lattices N and
prove that these give orbifold constructions of all 70 strongly rational, holomorphic
vertex operator algebras V of central charge 24 with V1 6= {0}. We also study
some properties of these automorphisms and show that they can be characterised
as certain generalised deep holes in the sense of [MS19].
In Section 6 we give a uniform proof of the uniqueness of a strongly rational,
holomorphic vertex operator algebra V of central charge 24 with any given non-zero
weight-one Lie algebra V1.
Acknowledgements. The authors thank Jethro van Ekeren, Shashank Kanade,
Ching Hung Lam, Geoffrey Mason, Nils Scheithauer and Hiroki Shimakura for
helpful discussions. The first author was supported by the Simons Foundation
(Award ID: 355294), the second author by an AMS-Simons Travel Grant.
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Computer Calculations. We remark that some of the computations in Section 5
and Section 6 involving the isometry groups O(N) of the Niemeier lattices N were
performed on the computer using Magma [BCP97].
All vertex operator algebras are assumed to be complex. Lie algebras are complex
and finite-dimensional.
2. Lattice Vertex Operator Algebras and Automorphism Groups
In this section we review lattice vertex operator algebras [Bor86, FLM88, Don93]
(for details see, e.g., [Kac98, LL04]). Then we describe automorphism groups of
vertex operator algebras, in particular the conjugacy classes, and apply these results
to lattice vertex operator algebras.
For an introduction to vertex operator algebras and their representation theory
we refer the reader to [FLM88, FHL93, LL04]. A vertex operator algebra V is
called strongly rational if it is rational (as defined in, e.g., [DLM97]), C2-cofinite
(or lisse), self-contragredient (or self-dual) and of CFT-type. This also implies that
V is simple. A vertex operator algebra V is called holomorphic (also self-dual or
meromorphic) if it is rational and the only irreducible V -module is V itself (implying
that V is simple and self-contragredient). The definition of twisted modules follows
the sign convention in, e.g., [DLM00] as opposed to some older texts. A vertex
operator subalgebra is called full if it has the same Virasoro vector as the vertex
operator algebra it is contained in.
In a vertex operator algebra V =
⊕∞
n=0 Vn of CFT-type the weight-one space V1
carries the structure of a (complex, finite-dimensional) Lie algebra via [u, v] := u0v
for all u, v ∈ V1. If V is strongly rational, then this Lie algebra is reductive, i.e. a
direct sum of an abelian and a semisimple Lie algebra [DM04b].
If a vertex operator algebra V is self-contragredient and of CFT-type, then there
exists a non-degenerate, invariant bilinear form 〈·, ·〉 on V , which is unique up to
a non-zero scalar and symmetric [FHL93, Li94]. This bilinear form restricts to a
non-degenerate, invariant bilinear form on the Lie algebra V1. It is common to
choose the normalisation 〈1,1〉 = −1 where 1 denotes the vacuum vector.
2.1. Lattice Vertex Operator Algebras. Let L be a positive-definite, even lat-
tice, i.e. a free abelian group L of finite rank rk(L) equipped with a positive-definite,
symmetric bilinear form 〈·, ·〉 : L × L → Z such that 〈α, α〉 ∈ 2Z for all α ∈ L. By
h := L⊗Z C we denote the complexified lattice. The discriminant form L′/L with
dual lattice L′ = {α ∈ L⊗ZQ | 〈α, β〉 ∈ Z for all β ∈ L} naturally carries the struc-
ture of a non-degenerate finite quadratic space. The lattice L is called unimodular
if L′ = L.
The lattice vertex operator algebra VL = Mhˆ(1) ⊗ Cε[L] associated with L is
strongly rational and of central charge c = rk(L). The definition of VL involves a
choice of group 2-cocycle ε : L × L → {±1} satisfying ε(α, β)/ε(β, α) = (−1)〈α,β〉
for all α, β ∈ L.
The irreducible VL-modules Vα+L, α+L ∈ L′/L, are indexed by the discriminant
form L′/L. In particular, if L is unimodular, then VL is holomorphic.
We now describe the weight-one Lie algebra (VL)1 of a lattice vertex operator
algebra VL. Let L be an even, positive-definite lattice. Then the set of norm-
two vectors Φ := {α ∈ L | 〈α, α〉 = 2} forms a simply-laced root system. Let
R := spanZ(Φ) ⊆ L denote the root sublattice generated by Φ.
The weight-one Lie algebra of VL is given by
(VL)1 = H⊕ spanC ({1⊗ eα | α ∈ Φ})
5where H := {h(−1) ⊗ e0 | h ∈ h} ∼= h is a choice of a Cartan subalgebra of (VL)1.
Note that the restriction to H of the invariant bilinear form 〈·, ·〉 on VL normalised
such that 〈1,1〉 = −1 is precisely the bilinear form 〈·, ·〉 on L bilinearly extended
to the complexification h = L⊗Z C under the identification of H with h.
It is easy to verify that (VL)1 is a reductive Lie algebra of rank rk(L) with a
semisimple part of rank rk(R) and an abelian part of rank rk(L)− rk(R) and that
the root system of the semisimple part of (VL)1 is exactly Φ (viewed in H∗ ∼= h∗
via 〈·, ·〉).
2.2. Automorphism Groups. For any vertex operator algebra V of CFT-type
K := 〈{ev0 | v ∈ V1}〉 defines a normal subgroup of Aut(V ), called the inner
automorphism group (see [DN99], Section 2.3). We call Aut(V )/K the outer auto-
morphism group of V .
Since vertex operator algebra automorphisms are grading-preserving, there is a
restriction homomorphism r : Aut(V )→ Aut(V1), i.e. automorphisms of the vertex
operator algebra V restrict to Lie algebra automorphisms of V1. This homomor-
phism r is in general not surjective. However, it follows from the definition of K
and the fact that r(ev0) = eadv that r(K) = Inn(V1), i.e. every inner automorphism
of V1 can be extended to an inner automorphism of V .
Since r(K) ⊆ Inn(V1), r induces a homomorphism r˜ : Aut(V )/K → Out(V1).
Moreover, r˜ is injective if and only if
(A) ker(r) ⊆ K.
In the following we assume that (A) holds, or equivalently that r−1(Inn(V1)) = K.
This excludes, in particular, the case of a vertex operator algebra with V1 = {0}
and Aut(V ) 6= {id}, like, for example, the Moonshine module V \. Then we have
the following commutative diagram with exact columns:
K Inn(V1)
Aut(V ) Aut(V1)
Aut(V )/K Out(V1)
r|K
r
r˜
Since r˜ is injective, the outer automorphism group Aut(V )/K is finite whenever
Out(V1) is, for example, if V1 is semisimple. We shall see that Aut(V )/K is finite
if V is a lattice vertex operator algebra, even when V1 is not semisimple. One
might speculate that Aut(V )/K is finite for any sufficiently regular (e.g., strongly
rational) vertex operator algebra V .
Note that ker(r), the subgroup of Aut(V ) acting trivially on V1, was introduced
as inertia group I(V ) in [LS18] and studied for a few examples of strongly rational,
holomorphic vertex operator algebras of central charge 24 (see also Remark 2.3).
First, we describe inner automorphisms of vertex operator algebras up to conju-
gacy. The following result is immediate:
Proposition 2.1. Let V be a vertex operator algebra of CFT-type and g ∈ Aut(V ),
and assume that (A) holds. Then the following are equivalent:
(1) The automorphism g is inner, i.e. g ∈ K.
(2) The restriction r(g) is inner, i.e. r(g) ∈ Inn(V1).
From now on, let us assume that V1 is reductive, i.e. a direct sum of an abelian
and a semisimple Lie algebra. If necessary, we fix a choice H of Cartan subalgebra
of V1.
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We then consider the subgroup T := 〈{ev0 | v ∈ H}〉 = {ev0 | v ∈ H} of K, which
is abelian since H is and because [u, v] = 0 implies that [u0, v0] = 0 for u, v ∈ V1 by
Borcherds’ identity. We shall assume in the following, strengthening the statement
of (A), that
(B) ker(r) ⊆ T
for the choice H of Cartan subalgebra of V1. But then (B) already holds for all
Cartan subalgebras of V1. Conditions (A) and (B) are satisfied, for example, for
any lattice vertex operator algebra by Lemma 2.5 in [DN99].
Proposition 2.2. In the situation of Proposition 2.1, assume that V1 is reductive
and that also (B) holds. Then the items in Proposition 2.1 are equivalent to:
(3) The automorphism g is conjugate in K to ev0 ∈ T for some v ∈ H.
Proof. That (3) implies (1) is clear.
To see that (2) implies (3) suppose r(g) ∈ Inn(V1). Then by (the extension
to reductive Lie algebras of) Proposition 8.1 in [Kac90] r(g) is conjugate to eadv
for some v ∈ H. In fact, since any two Cartan subalgebras are conjugate by an
inner automorphism, it follows from the proof of this result that r(g) and eadv
are conjugate under some element in Inn(V1), which lifts to some k ∈ K. Then
r(g) = r(kev0k−1) or r(ev0k−1g−1k) = id. By condition (B) this means that
ev0k−1g−1k = ew0 for some w ∈ H, which we can rewrite as g = ke(v−w)0k−1, using
the commutativity of v0 and w0. 
Remark 2.3. Evidently, if V1 is semisimple, then
T ∩ ker(r) = {e(2pii)v0 | v ∈ H, e(2pii) adv = idV1} = {e(2pii)v0 | v ∈ P∨}
where P∨ ⊆ H denotes the coweight lattice of V1. Then condition (B) is equivalent
to ker(r) = {e(2pii)v0 | v ∈ P∨}. The latter is shown to hold for some examples
of strongly rational, holomorphic vertex operator algebras of central charge 24 in
[LS18], Remark 6.6. In fact, Ching Hung Lam informed us that he can prove
the statement for all strongly rational, holomorphic vertex operator algebras of
central charge 24 with non-zero (and semisimple) weight-one Lie algebra. The proof
uses the result from [Höh17] that these vertex operator algebras are simple-current
extensions of a certain dual pair (see Theorem 4.2).
We remark that condition (A) implies condition (B) if one assumes that K is a
complex Lie group.
We also note:
Proposition 2.4. In the situation of Proposition 2.1, assume that V1 is reduc-
tive and that g ∈ Aut(V ) has finite order. Then the items in Proposition 2.1 are
equivalent to:
(4) rk(V g1 ) = rk(V1).
The proof is clear.
In the following we characterise (not necessarily inner) automorphisms of V up
to conjugacy. For ease of presentation we shall assume that V1 is semisimple. It is
however not difficult to extend the results to abelian or reductive Lie algebras.
Note that there is a non-degenerate, symmetric, invariant bilinear form (·, ·) on
V1, which restricts to a non-zero multiple of the Killing form on each simple ideal of
V1. Upon fixing a choice of this form we may identify the Cartan subalgebra H with
its dual H∗. In particular, we may view the roots of V1 as elements of H. Usually,
(·, ·) is normalised such that the long roots have norm 2. If V is self-contragredient,
then (·, ·) and the invariant bilinear form 〈·, ·〉 on V agree up to multiplication by
a non-zero scalar on each simple ideal of V1.
7In addition to fixing a Cartan subalgebra H of V1, for the following results let us
also fix a choice of simple roots ∆. Then, given an outer (diagram) automorphism
µ0 ∈ Out(V1) = Aut(V1)/ Inn(V1), there is a standard lift µ ∈ Aut(V1) of µ0 (defined
in (7.9.2) in [Kac90]) such that µ0 = µ Inn(V1) and µ fixes the Cartan subalgebra
H and the simple roots ∆ setwise.
The next lemma shows that the automorphisms in Aut(V ) can be conjugated by
elements in K into Aut(V ){H} = {g ∈ Aut(V ) | g(H) ⊆ H}, the setwise stabiliser
of H in Aut(V ). (Note that Aut(V ){H} = r−1(Aut(V1){H}).) In fact, they can be
conjugated into Aut(V ){∆}, the automorphisms fixing the simple roots ∆ setwise.
Lemma 2.5. Let V be a vertex operator algebra of CFT-type such that V1 is se-
misimple and (B) holds. Let g ∈ Aut(V ) be of finite order. Then g is conjugate
under an automorphism in K to an automorphism of the form
µ˜ e(2pii)v0
for some v ∈ Hµ where µ ∈ Aut(V1) is a standard lift of a diagram automorphism
in r˜(Aut(V )/K) ⊆ Out(V1) and µ˜ is an extension of µ to Aut(V ).
Note that µ˜ and e(2pii)v0 commute since v ∈ Hµ, i.e. µ˜v = v. More generally,
gev0 = e(gv)0g for any g ∈ Aut(V ) and v ∈ V1.
Proof. Consider r(g) ∈ Aut(V1). Again, by (the proof of) Proposition 8.1 in [Kac90]
r(g) is conjugate under an inner automorphism, say r(k) for some k ∈ K, to
µe(2pii) adv for some v ∈ H where µ is a standard lift of a diagram automorphism.
This diagram automorphism is in r˜(Aut(V )/K) since r(g) projects to an element
in r˜(Aut(V )/K) ⊆ Out(V1). Hence r(g) = r(k)µe(2pii) advr(k)−1 = r(kµ˜e(2pii)v0k−1)
for some preimage µ˜ of µ under r (µ is in the image of r since r(g) is). Hence
r(k−1g−1kµ˜e(2pii)v0) = id, i.e. k−1g−1kµ˜e(2pii)v0 = e(2pii)w0 for some w ∈ H by
condition (B). This proves that g is conjugate under k to µ˜e(2pii)(v−w)0 . Finally, by
Lemma 8.3 in [EMS20b] we may assume that v − w ∈ Hµ. 
Lemma 2.6. In Lemma 2.5 it suffices, up to conjugacy in Aut(V ), to let µ be
from a fixed set of (standard lifts of) representatives of the conjugacy classes of
r˜(Aut(V )/K) ∼= Aut(V )/K.
Proof. Consider the automorphism µ˜e(2pii)v0 from the above result. It is clear that
r˜(µ˜e(2pii)v0K) = µ Inn(V1). Now suppose µ Inn(V1) is conjugate to some ν Inn(V1) in
r˜(Aut(V )/K) ⊆ Out(V1) where ν ∈ Aut(V1) is again a standard lift of the diagram
automorphism ν Inn(V1). Then there is a τ Inn(V1) ∈ r˜(Aut(V )/K) ⊆ Out(V1)
such that τµτ−1 Inn(V1) = ν Inn(V1), and there exist ν˜, τ˜ ∈ Aut(V ) such that
r(ν˜) = ν and r(τ˜) = τ . Then
r˜(τ˜ µ˜e(2pii)v0 τ˜−1K) = r˜(τ˜K)r˜(µ˜e(2pii)v0K)r˜(τ˜−1K) = τµτ−1 Inn(V1)
= ν Inn(V1) = r˜(ν˜K)
and hence τ˜ µ˜e(2pii)v0 τ˜−1K = ν˜K. This implies that τ˜ µ˜e(2pii)v0 τ˜−1 = ν˜k, i.e.
µ˜e(2pii)v0 is conjugate to ν˜k for some k ∈ K. By the above lemma, this has to be
conjugate under an automorphism in K to some σ˜e(2pii)w0 . But because it is conju-
gate under an automorphism in K, we know that ν˜K = ν˜kK = σ˜e(2pii)w0K = σ˜K,
which implies that ν Inn(V1) = r˜(ν˜K) = r˜(σ˜K) = σ Inn(V1). But then ν = σ (and
ν˜ = σ˜) because these were some fixed choices of lifts.
In total, we have shown that µ˜e(2pii)v0 is conjugate to ν˜e(2pii)w0 for some w ∈ Hν
if µ Inn(V1) is conjugate to ν Inn(V1). This proves the claim. 
8 GERALD HÖHN AND SVEN MÖLLER
For g ∈ Aut(V ){H} (and assuming that r(g) has order n) we define the projection
map pig : H → Hg by v 7→ 1n
∑n−1
i=0 g
iv for v ∈ H. Then Hg = pig(H). We also
define the subgroup
P := {v ∈ H | e(2pii)v0 = idV }
of the Cartan subalgebra H acting trivially on V via e(2pii)(·).
Lemma 2.7. In Lemma 2.5 it suffices, up to conjugacy in Aut(V ), to select v from
a fixed set of representatives for Hµ/piµ(P ).
Proof. Let w ∈ P . Then µ˜e(2pii)v0 = µ˜e(2pii)v0e(2pii)w0 = µ˜e(2pii)(v+w)0 is conjugate
to µ˜e(2pii)(v+piµ(w))0 by Lemma 8.3 in [EMS20b]. 
In summary we find:
Proposition 2.8 (Conjugacy Classes). Let V be a vertex operator algebra of CFT-
type such that V1 is semisimple and (B) holds. Let g ∈ Aut(V ) be of finite order.
Then g is conjugate to an automorphism of the form
µ˜ e(2pii)v0
where µ ∈ Aut(V1) is from a fixed set of (standard lifts of) representatives of the
conjugacy classes of r˜(Aut(V )/K) ⊆ Out(V1) and µ˜ an extension of µ to Aut(V ),
and v is from a fixed set of representatives of Hµ/piµ(P ).
Two conjugate automorphisms in Aut(V ) must project to the same conjugacy
class in Aut(V )/K. However, two automorphisms µ˜e(2pii)v0 and µ˜e(2pii)v′0 where v
and v′ represent different classes in Hµ/piµ(P ) may still be conjugate.
In the lattice case we shall refine this result by further considering orbits under
the action of Aut(V ){H}/Aut(V )H, the quotient of the setwise stabiliser by the
pointwise stabiliser, on H.
2.3. Automorphism Groups of Lattice Vertex Operator Algebras. In the
following we specialise the previous discussion to a lattice vertex operator algebra
VL = Mhˆ(1)⊗ Cε[L] for an even, positive-definite lattice L.
The group of isometries (or automorphisms) of L is denoted by O(L). An auto-
morphism ν ∈ O(L) and a function η : L → {±1} satisfying η(α)η(β)/η(α + β) =
ε(α, β)/ε(να, νβ) for all α, β ∈ L define a lift φη(ν) of ν, acting on Cε[L] =⊕
α∈L Ceα as φη(ν)(eα) = η(α)eνα for α ∈ L and onMhˆ(1) as ν in the obvious way,
and the automorphisms obtained in this way form the subgroup O(Lˆ) ⊆ Aut(VL)
(see, e.g., [FLM88, Bor92]). The following sequence is exact:
1 −→ Hom(L, {±1}) −→ O(Lˆ) –−→ O(L) −→ 1.
The injection is given by λ 7→ φλ(id) and the surjection by φη(ν) 7→ φη(ν) = ν.
A lift φη(ν) ∈ O(Lˆ) is called standard if the restriction of η to the fixed-point
sublattice Lν ⊆ L is trivial. Standard lifts always exist [Lep85], and all standard
lifts of a given lattice automorphism ν are conjugate in Aut(VL) [EMS20a]. We shall
denote a fixed choice of standard lift by νˆ. Standard lifts appear in the definition
of twisted modules of lattice vertex operator algebras [DL96, BK04].
If ν ∈ O(L) has order m and νˆ is a standard lift of ν, then νˆ has order m if
m is odd or if m is even and 〈α, νm/2α〉 ∈ 2Z for all α ∈ L, and νˆ has order 2m
otherwise. In the latter case we say that ν exhibits order doubling.
When expressing powers of automorphisms νˆ in Aut(VL) a small complication
arises due to the fact that if νˆ is a standard lift of ν ∈ O(L), νˆi is not necessarily
a standard lift of νi. However, there is a vector si in (1/2)(L′)ν
i = (1/2)(piνi(L))′
such that
νˆi = (̂νi)e−(2pii)si(0)
9where (̂νi) is a standard lift of νi. The minus sign is a convention related to the
sign convention in the definition of twisted modules.
Note that sm ∈ (1/2)L′ (with ν of order m) can be taken to be zero if and only
if ν does not exhibit order doubling.
We review some well-known facts about the isometry group O(L). Recall that Φ
denotes the simply-laced root system comprised of the norm-two vectors in L. The
Weyl group W ⊆ O(L) is defined as the group generated by the reflections through
the hyperplanes orthogonal to the roots in Φ.
The automorphism group O(L) of L is a split extensionW :H, i.e. H := O(L)/W
and the short exact sequence
1 −→W −→ O(L) −→ H −→ 1
is right split (see, e.g., Section 1 of [Bor87]). In other words, H is isomorphic to a
subgroup of O(L) and, in fact, given a choice of simple roots ∆ ⊆ Φ, the setwise
stabiliser of ∆ in O(L)
H∆ := O(L){∆}
is isomorphic to H.
Recall that for any vertex operator algebra V of CFT-type the normal subgroup
K = 〈{ev0 | v ∈ V1}〉 of Aut(V ) is the inner automorphism group of V . For a lattice
vertex operator algebra VL it was shown in [DN99], Theorem 2.1, that
Aut(VL) = O(Lˆ)K
and that the outer automorphism group Aut(VL)/K is isomorphic to a quotient
group of O(L). More precisely, Aut(VL)/K is isomorphic to O(Lˆ)/(K ∩ O(Lˆ)),
which, since both O(Lˆ) and K contain the subgroup Hom(L, {±1}), is in turn
isomorphic to O(L)/K ∩O(Lˆ), i.e.
Aut(VL)/K ∼= O(Lˆ)/(K ∩O(Lˆ)) ∼= O(L)/K ∩O(Lˆ),
where K ∩O(Lˆ) denotes the image of K ∩O(Lˆ) under the projection from O(Lˆ) to
O(L). In particular, Aut(VL)/K is finite since O(L) is finite for a positive-definite
lattice L. We shall further simplify Aut(VL)/K below.
In the following, we choose the Cartan subalgebra H = {h(−1) ⊗ e0 | h ∈ h} ⊆
(VL)1 ∼= h of the reductive (simply-laced) Lie algebra (VL)1 (see Section 2.1) if
necessary. With this choice, Φ is the root system of (VL)1 and W the Weyl group
of (VL)1.
Recall that the automorphisms T = {ev0 | v ∈ H} define an abelian subgroup
of K. It is easy to describe the action of T ⊆ Aut(VL) on a lattice vertex operator
algebra VL =
⊕
α∈LMhˆ(1) ⊗ eα, which is naturally graded by L. Indeed, for
v = h(−1) ⊗ e0 ∈ H, h ∈ h, the automorphism ev0 = eh(0) acts by multiplication
with e〈h,α〉 on the graded component Mhˆ(1)⊗ eα, α ∈ L.
Hence, the group P = {v ∈ H | e(2pii)v0 = idV } defined above is given by
P = {h(−1)⊗ e0 | h ∈ L′} ∼= L′,
with dual lattice L′ of L. Also note that
ker( ) = O(Lˆ) ∩ T = {e(2pii)h(0) | h ∈ L′/2} ∼= Hom(L, {±1})
where denotes the projection map O(Lˆ)→ O(L).
Remark 2.9. While the projection Aut(VL) → Aut(VL)/K ∼= O(L)/K ∩O(Lˆ) is
independent of the choice of a Cartan subalgebra of (VL)1, a projection to O(L)
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can in general only be defined involving such a choice. Indeed, choosing the Cartan
subalgebra H = {h(−1)⊗ e0 | h ∈ h}, the setwise stabiliser of H is given by
Aut(VL){H} = O(Lˆ)T
while the pointwise stabiliser of H is
Aut(VL)H = T.
Then the quotient Aut(VL){H}/Aut(VL)H, which acts (faithfully) on H, becomes
Aut(VL){H}/Aut(VL)H = O(Lˆ)T/T ∼= O(Lˆ)/(O(Lˆ) ∩ T ) ∼= O(L)
since O(Lˆ) ∩ T ∼= Hom(L, {±1}) are exactly the lifts of id ∈ O(L). Explicitly,
φη(ν)e(2pii)h(0) projects to ν for any lift φη(ν) of ν and any e(2pii)h(0) ∈ T .
We return to the quotient Aut(VL)/K:
Proposition 2.10 (Outer Automorphisms). Let L be an even, positive-definite
lattice and VL the associated lattice vertex operator algebra. Then K ∩O(Lˆ) = W
so that the outer automorphism group satisfies
Aut(VL)/K ∼= O(L)/W = H
where W is the Weyl group of the root system Φ, i.e. the group generated by the
reflections about the norm-two vectors in L, which is also the Weyl group of the
reductive (and simply-laced) Lie algebra (VL)1.
Proof. Like the Weyl group W , the inner automorphisms in Inn((VL)1){H} act by
definition on the Cartan subalgebra H. In fact, it is well known that for a simple
Lie algebra g the image of the restriction map Inn(g){H} → Aut(H) is the Weyl
group W , i.e. the automorphisms of the Cartan subalgebra that are in the Weyl
group are exactly those that can be extended to inner automorphisms of the whole
Lie algebra g. This result remains true if g is reductive. Equivalently, since Inn(g)H
is the kernel of this restriction map, W ∼= Inn(g){H}/ Inn(g)H.
Given the vertex operator algebra VL with reductive Lie algebra (VL)1, since in-
ner automorphisms of (VL)1 are exactly the restrictions of the inner automorphisms
of VL, it follows that
W ∼= Inn((VL)1){H}/ Inn((VL)1)H ∼= K{H}/KH.
Then, by intersecting K with the expressions in Remark 2.9 we obtain
W ∼= K{H}/KH = (K ∩O(Lˆ)T )/T = T (K ∩O(Lˆ))/T
∼= (K ∩O(Lˆ))/(T ∩O(Lˆ)) = K ∩O(Lˆ). 
Recall that it is shown in Lemma 2.5 of [DN99] that ker(r) ⊆ T for any lattice
vertex operator algebra VL, i.e. conditions (A) and (B) are satisfied. Then ker(r)
is given by the expression in Remark 2.3:
Remark 2.11. Let L be an even, positive-definite lattice and VL the associated
lattice vertex operator algebra. Assume for simplicity that (VL)1 is semisimple.
Then
ker(r) = {e(2pii)v0 | v = h(−1)⊗ e0 for h ∈ R′} = {e(2pii)h(0) | h ∈ R′}
∼= R′/L′
where R′ is the dual lattice of the lattice R generated by the root system Φ.
Since condition (B) is satisfied, we can give the following characterisation of
inner automorphisms:
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Proposition 2.12. Let L be an even, positive-definite lattice, VL the associated
lattice vertex operator algebra and g ∈ Aut(VL) of finite order. Then the following
are equivalent:
(1) The automorphism g is inner, i.e. g ∈ K.
(2) The restriction r(g) is an inner automorphism of the Lie algebra (VL)1.
(3) The rank of the fixed-point Lie subalgebra (V gL )1 equals rk((VL)1) = rk(L).
(4) The automorphism g is conjugate in Aut(VL) (even in K) to ev0 for some
v ∈ H. More precisely, since g has finite order, v = (2pii)h(−1) ⊗ e0 for
some h ∈ L⊗Z Q.
(5) The fixed-point vertex operator subalgebra V gL is isomorphic to a lattice
vertex operator algebra VK for some sublattice K of L of full rank, i.e., VK
is a full vertex operator subalgebra of VL.
Proof. The equivalence of (1) to (4) is immediate with Proposition 2.1 , Proposi-
tion 2.2 and Proposition 2.4, noting that rk((VL)1) = rk(L).
For (5) implies (3): The fixed-point vertex operator subalgebra V gL and VL
have the same central charge c, which equals rk(L) but also rk(K) if V gL ∼= VK .
As explained above, the Lie rank of (VK)1 ∼= (V gL )1 equals rk(K), which gives
rk((V gL )1) = rk((VK)1) = rk(K) = c = rk(L) = rk((VL)1).
For (4) implies (5): The fixed-point vertex operator subalgebra of ev0 = e(2pii)h(0)
for some h ∈ L ⊗Z Q is given by the lattice vertex operator algebra VK with
K = {α ∈ L | 〈α, h〉 ∈ Z}. Since g and ev0 are conjugate, they have isomorphic
fixed-point vertex operator subalgebras, which implies V gL ∼= VK . 
Finally, we state the main result of this section, a description of the automor-
phisms of VL up to conjugacy. Given an even, positive-definite lattice L and an
automorphism ν ∈ O(L) (of order m) we may consider the projection piν : h→ hν ,
piν = 1m
∑m−1
i=0 ν
i, of h = L ⊗Z C onto hν , the elements of h fixed by ν. With
the above preparations, it is easy to prove the following specialisation of Proposi-
tion 2.8. We may drop the assumption that the weight-one Lie algebra (VL)1 is
semisimple, which was merely made for convenience.
Theorem 2.13 (Conjugacy Classes). Let L be an even, positive-definite lattice
and VL the corresponding vertex operator algebra. Let g ∈ Aut(VL) of finite order.
Then g is conjugate to an automorphism of the form
νˆ e(2pii)h(0)
where ν is from a fixed set of representatives of the conjugacy classes of H∆ ⊆ O(L)
and h is from a fixed set of orbit representatives of the action of the centraliser
CO(L)(ν) on hν/piν(L′).
Note that piν(L′) = (Lν)′. The automorphisms νˆ and e(2pii)h(0) commute since
h ∈ hν . Moreover, since g has finite order, h is actually in Lν ⊗Z Q = piν(L⊗Z Q)
rather than hν = Lν ⊗ C.
Proof. For the proof, let us assume that (VL)1 is semisimple. The generalisation
to the reductive case is not difficult. We apply Proposition 2.8. Let µ0 be a
representative of a conjugacy class of H ∼= r˜(Aut(VL)/K) ⊆ Out((VL)1). Then the
standard lift µ ∈ Aut((VL)1) of µ0 as described in (7.9.2) in [Kac90], preserving
the choice of Cartan subalgebra H and the choice of simple roots ∆ is exactly the
restriction to (VL)1 of νˆ ∈ O(Lˆ) times some element in T where ν is the element in
H∆ ⊆ O(L) corresponding to µ0. Hence, modulo T , we may take µ˜ = νˆ.
Indeed, both µ˜ and νˆ fix the Cartan subalgebra H setwise, i.e. they are in
Aut(VL){H} = O(Lˆ)T (see Remark 2.9). Both their projections modulo T to O(L)
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lie in the subgroup H∆ ∼= H, which is clear for νˆ by definition and follows for µ˜
since it fixes ∆ setwise. But then these projections coincide and µ˜T = νˆT .
Recall that P ∼= L′. Then, by Proposition 2.8, g is conjugate to νˆ e(2pii)h(0) where
ν is from a set of representatives of the conjugacy classes of H∆ ⊆ O(L) and h is
from a set of representatives of hν/piν(L′).
It remains to show that it suffices to let h be from a set of orbit representatives
of the action of CO(L)(ν) on hν/piν(L′). To this end, let h and h′ in hν such that
h′+piν(L′) = τh+piν(L′) for some τ ∈ CO(L)(ν). We want to show that νˆ e(2pii)h(0)
and νˆ e(2pii)h′(0) are conjugate.
The automorphism (νˆ e(2pii)h′(0))−1τˆ νˆ e(2pii)h(0)τˆ−1 is in Aut(VL)H = T , i.e. equal
to e(2pii)f(0) for some f ∈ h. Hence, νˆ e(2pii)h(0) is conjugate to νˆ e(2pii)(h′+f)(0), which
is conjugate to νˆ e(2pii)(h′+piν(f))(0).
On the other hand, (νˆ e(2pii)h′(0))−1τˆ νˆ e(2pii)h(0)τˆ−1 acts on eα ∈ Cε[L] by mul-
tiplication with e(2pii)〈τh−h′,α〉ητ (ντ−1α)ην(τ−1α)/ητ (τ−1α)/ην(α) for all α ∈ L.
This defines a homomorphism L → {±1}. Suppose that α ∈ Lν . Then, since νˆ is
a standard lift, the homomorphism becomes 1. This shows that 〈f, α〉 ∈ Z for all
α ∈ Lν or equivalently that piν(f) ∈ (Lν)′ = piν(L′). 
The result shows that all the automorphisms in Aut(VL) can be conjugated into
Aut(VL){H} = O(Lˆ)·T or more precisely into Aut(V ){∆} = {g ∈ O(Lˆ) | g¯ ∈ H∆}·T
(cf. comment before Lemma 2.5).
Two conjugate automorphisms in Aut(VL) must project to the same conjugacy
class in H∆, but we cannot exclude the possibility that νˆ e(2pii)h(0) and νˆ e(2pii)h
′(0)
for representatives h and h′ from different orbits are still conjugate.
The special case of Theorem 2.13 for the Leech lattice vertex operator algebra
VΛ was already proved in [MS19].
Remark 2.14. It is not difficult to formulate Theorem 2.13 for algebraic conjugacy
classes, i.e. conjugacy classes of cyclic subgroups. In that case, not surprisingly, it
suffices to let ν be from a fixed set of representatives of the algebraic conjugacy
classes of H∆ ⊆ O(L). Moreover, we may replace the action of the centraliser
CO(L)(ν) by the action of the normaliser NO(L)(〈ν〉).
More precisely, suppose ν has order m and let τ ∈ NO(L)(〈ν〉). Then τντ−1 = νi
for some i ∈ Zm with (i,m) = 1 and νˆ e(2pii)h(0) is algebraically conjugate to
νˆ e(2pii)(i−1τh)(0) where i−1 denotes the inverse of i modulo m.
We conclude this section by describing the orders of the automorphisms in
Aut(VL). Let ν ∈ O(L) of order m. Then the order of an automorphism g =
νˆ e−(2pii)h(0) ∈ Aut(VL), where h ∈ hν so that νˆ and e−(2pii)h(0) commute, must be a
multiple of m. Of particular relevance in this text will be automorphisms g having
the same order as ν. There are two cases to consider, depending on whether ν
exhibits order doubling or not.
First, suppose that ν does not have order doubling. In this case νˆ is of order m
and any element h in (1/m)L′ ∩ hν = (1/m)(L′)ν = (1/m)(piν(L))′ will yield an
inner automorphism e−(2pii)h(0) of order dividing m so that g = νˆ e−(2pii)h(0) has
order m.
On the other hand, if ν exhibits order doubling, then νˆ has order 2m with
νˆm eα = (−1)m〈piν(α),piν(α)〉eα = (−1)〈α,νm/2α〉eα for all α ∈ L. However, there exists
a vector s in (1/(2m))(L′)ν = (1/(2m))(piν(L))′ defining an inner automorphism
e−(2pii)s(0) of order 2m such that νˆ e−(2pii)s(0) has order m. Again, we may multiply
by e−(2pii)h(0) for any h ∈ (1/m)(L′)ν = (1/m)(piν(L))′ and obtain an automorphism
of order m. In total, we have proved:
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Proposition 2.15. Let L be a positive-definite, even lattice and νˆ a standard lift
of ν ∈ O(L). Then an automorphism g = νˆ e−(2pii)h(0) of VL with h ∈ hν has order
m = |ν| if and only if
h ∈
{
(1/m)(L′)ν if |νˆ| = m,
s+ (1/m)(L′)ν if |νˆ| = 2m
with s ∈ (1/(2m))(L′)ν as defined above.
3. Orbifold Construction, Dimension and Rank Formulae
In this section we recall the cyclic orbifold construction and present tools to com-
pute the dimension and rank of the corresponding weight-one space, in particular
for lattice vertex operator algebras.
3.1. Cyclic Orbifold Construction. We summarise the cyclic orbifold theory
for holomorphic vertex operator algebras developed in [EMS20a, Möl16]. It is
a tool that allows to construct new vertex operator algebras from known ones.
Special cases of this orbifold construction have been studied earlier, for example,
the construction of the Moonshine module V \ from the Leech lattice vertex operator
algebra VΛ as orbifold construction of order 2 [FLM88].
Let V be a strongly rational, holomorphic vertex operator algebra (necessarily
of central charge c ∈ 8Z≥0) and G = 〈g〉 a finite, cyclic group of automorphisms of
V of order n ∈ Z>0.
By [DLM00] there is an up to isomorphism unique irreducible gi-twisted V -
module V (gi) for each i ∈ Zn. The uniqueness of V (gi) implies that there is a
representation φi : G→ AutC(V (gi)) of G on the vector space V (gi) such that
φi(g)YV (gi)(v, x)φi(g)−1 = YV (gi)(gv, x)
for all v ∈ V , i ∈ Zn. This representation is unique up to an n-th root of unity.
Denote the eigenspace of φi(g) in V (gi) corresponding to the eigenvalue e(2pii)j/n
by W (i,j). On V (g0) = V we choose φ0(g) = g.
By recent results [Miy15, CM16] (and [DM97]) the fixed-point vertex operator
subalgebra V g = W (0,0) (also called orbifold) is again strongly rational. It has
exactly n2 irreducible modules, namely the W (i,j), i, j ∈ Zn [MT04, DRX17]. One
can further show that the conformal weight ρ(V (g)) of V (g) is in (1/n2)Z, and we
define the type t ∈ Zn of g by t = n2ρ(V (g)) (mod n).
In the following assume that g has type 0, i.e. that ρ(V (g)) ∈ (1/n)Z. Then it
is possible to choose the representations φi such that the conformal weights satisfy
ρ(W (i,j)) ∈ ij
n
+ Z
and V g has fusion rules
W (i,j) W (l,k) ∼= W (i+l,j+k)
for all i, j, k, l ∈ Zn (see [EMS20a], Section 5), i.e. the fusion ring of V g is the group
ring C[Zn × Zn]. In particular, all V g-modules are simple currents.
In general, a simple vertex operator algebra V is said to satisfy the positivity
condition if the conformal weights satisfy ρ(W ) > 0 for any irreducible V -module
W 6∼= V and ρ(V ) = 0.
Now, if V g satisfies the positivity condition (it is shown in [Möl18] that this
condition is almost automatically satisfied), then the direct sum of V g-modules
V orb(g) :=
⊕
i∈Zn
W (i,0)
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admits an up to isomorphism unique strongly rational, holomorphic vertex opera-
tor algebra structure extending the given V g-module structure. One calls V orb(g)
the orbifold construction associated with V and g [EMS20a]. Two algebraically
conjugate automorphisms in Aut(V ) yield isomorphic orbifold constructions. Note
that
⊕
j∈ZnW
(0,j) is just the old vertex operator algebra V .
We briefly describe the inverse (or reverse) orbifold construction. Suppose that
the strongly rational, holomorphic vertex operator algebra V orb(g) is obtained in an
orbifold construction as described above. Then via ζv := e(2pii)i/nv for v ∈ W (i,0),
i ∈ Zn, we define an automorphism ζ of V orb(g) of order n and type 0, and the
unique irreducible ζj-twisted V orb(g)-module is V orb(g)(ζj) =
⊕
i∈ZnW
(i,j), j ∈ Zn
(see [Möl16], Theorem 4.9.6). Then
(V orb(g))orb(ζ) =
⊕
j∈Zn
W (0,j) ∼= V,
i.e. orbifolding with ζ is inverse to orbifolding with g.
3.2. Dimension Formula. Continuing in the setting of the previous subsection,
we recall a formula for the dimension of V orb(g)1 , the weight-one Lie algebra of the
orbifold construction. In contrast to the other results in this section, this dimension
formula is particular to central charge 24:
Theorem 3.1 (Dimension Formula, [MS19]). Let V be a strongly rational, holo-
morphic vertex operator algebra of central charge 24 and g an automorphism of V
of order n > 1 and type 0. Assume that V g satisfies the positivity condition. Then
dim(V orb(g)1 ) ≤ 24 +
∑
d|n
cn(d) dim(V g
d
1 )
where the cn(d) are defined by
cn(d) =
n
d2
∏
p|d
(−p)
∏
p|(d,nd )
(1− p−1)
∏
p|nd
(1 + p−1)
with p prime, or equivalently by the system of equations
∑
d|n cn(d)(t, d) = n/t for
all t | n.
A special case of this formula for orders n such that the genus of the modular
curve X0(n) = Γ0(n)\H is zero was proved in [EMS20b]. In fact, the orders of the
automorphisms appearing in this text happen to satisfy the genus-zero condition.
An automorphism g ∈ Aut(V ) is called extremal if the upper bound in the
dimension formula is attained.
The obstruction to extremality is a certain linear combination of the dimensions
of the subspaces of the twisted modules V (gi), i 6= 0 (mod n), with weights strictly
between 0 and 1. Hence, the following corollary is immediate:
Corollary 3.2. Let V be a strongly rational, holomorphic vertex operator algebra of
central charge 24 and g an automorphism of V of order n > 1 and type 0. Suppose
that the conformal weights of the twisted modules obey ρ(V (gi)) ≥ 1 for all i 6= 0
(mod n). Then g is extremal and
dim(V orb(g)1 ) = 24 +
∑
d|n
cn(d) dim(V g
d
1 ).
The automorphisms considered in Section 5 will turn out to satisfy ρ(V (gi)) ≥ 1
for all i 6= 0 (mod n) so that they are all extremal (see Proposition 5.9). But note
that in general extremal automorphisms do not need to satisfy this condition (see
the examples in [MS19]).
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3.3. Rank Criterion. Corollary 3.2 allows us to compute the dimension of the
weight-one Lie algebra V orb(g)1 if the central charge is 24. In this section we shall
discuss how to determine the rank of V orb(g)1 (in any central charge). More precisely,
we derive a sufficient criterion for the orbifold rank condition, namely that the rank
of V g1 equals the rank of V
orb(g)
1 .
First, we recall some probably known results about graded Lie algebras. To this
end, let g =
⊕
i∈Zn gi be a reductive, Zn-graded Lie algebra for some n ∈ Z>0 (see
[Kac90], Section 8.1). Equivalently, let g be an automorphism of g with gn = id
and the grading of g obtained as eigenvalue decomposition with respect to g, i.e.
gi = {x ∈ g | g(x) = e(2pii)i/nx} for all i ∈ Zn (and g0 = gg).
It is well known that g0 is also reductive and that rk(g0) ≤ rk(g) with equality
if and only if the automorphism g is inner.
We now describe the relationship between Cartan subalgebras of g0 and g:
Lemma 3.3. Let H0 be a Cartan subalgebra of g0. Then the centraliser H˜ :=
Cg(H0) is a Cartan subalgebra of g.
Proof. This is stated in Lemma 8.1 in [Kac90] for the case that g is simple but it
is not difficult to see that the result extends to reductive Lie algebras. 
Lemma 3.4. Let H be a Cartan subalgebra of g. Then dim(Hg) ≤ rk(g0) with
equality if and only if Hg is a Cartan subalgebra of g0 = gg.
Proof. To prove the inequality we note that for any Cartan subalgebra H of g, the
fixed points Hg are contained in a Cartan subalgebra of g0 = gg. One implication
of the equivalence is trivial. For the other assume that dim(Hg) = rk(g0). Since
Hg can be extended to a Cartan subalgebra of g0, it must already be a Cartan
subalgebra. 
Remark 3.5. Note that given a finite-order automorphism g of a reductive Lie
algebra g it is always possible to find a Cartan subalgebra H of g such that Hg is
a Cartan subalgebra of g0 = gg.
Equivalently, if we fix the Cartan subalgebra H, any finite-order automorphism
g is conjugate (under an inner automorphism) to an automorphism g′ such that
Hg′ is a Cartan subalgebra of gg′ .
Proof. A chosen Cartan subalgebraH0 of g0 can be extended to a Cartan subalgebra
H of g. Then H0 ⊆ Hg ⊆ g0 and the result follows. 
We return to the orbifold setting, i.e. we let V be a strongly rational, holomorphic
vertex operator algebra and g an automorphism of V of order n and type 0 such
that V g satisfies the positivity condition.
The Lie algebras g := V1 and g˜ := V orb(g)1 are both reductive and Zn-graded with
the grading on g =
⊕
i∈Zn gi given by the eigenvalue decomposition with respect to
g and the one on g˜ =
⊕
i∈Zn g˜i with respect to the inverse orbifold automorphism
of g. Then g0 = g˜0 = V g1 , which is also reductive.
We say the orbifold rank condition is satisfied if rk(V orb(g)1 ) = rk(V
g
1 ).
Note that for a subset S of a Lie algebra g the centraliser is defined as
Cg(S) = {x ∈ g | [x, s] = 0 for all s ∈ S}
= {x ∈ g | ads(x) = 0 for all s ∈ S}.
Now suppose that M is a g-module. Analogously, we define
CM (S) = {v ∈M | s · v = 0 for all s ∈ S},
simply replacing the adjoint action of g on g with the module action of g on M .
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Let H0 be a Cartan subalgebra of V g1 . Then by Lemma 3.3 we know that the
centraliser H˜ := Cg˜(H0) is a Cartan subalgebra of g˜.
Lemma 3.6. The Cartan subalgebra H˜ of g˜ satisfies
H˜ = H0 ⊕
⊕
i∈Zn\{0}
Cg˜i(H0).
Proof. Consider
H˜ = Cg˜(H0) = C⊕
i∈Zn
g˜i
(H0),
which, because the Lie bracket respects the Zn-grading, equals⊕
i∈Zn
Cg˜i(H0) = Cg0(H0)⊕
⊕
i∈Zn\{0}
Cg˜i(H0) = H0 ⊕
⊕
i∈Zn\{0}
Cg˜i(H0).
In the last step we used that as Cartan subalgebra H0 is self-centralising. 
The lemma allows us to determine a Cartan subalgebra and hence the rank of
g˜ by only considering the module action of V g on the orbifold construction V orb(g)
rather than the full Lie algebra structure of g˜, which involves intertwining operators
between submodules of the twisted V -modules V (gi) for i ∈ Zn.
In the same way that [u, v] := u0v for u, v ∈ V1 defines a Lie bracket on V1,
does u · v := u0v for u ∈ V1 and v ∈ W define a Lie algebra module for V1 on any
(untwisted) V -module W and on any graded component of W .
Finally, note that the twisted V -modules V (gi) for i ∈ Zn are untwisted V g-
modules, the graded components V (gi)1 are thus Lie algebra modules for V g1 , and
therefore the expression CV (gi)1(H0) is well-defined.
We state a sufficient criterion for the orbifold rank condition:
Proposition 3.7 (Rank Criterion). Let H0 be a Cartan subalgebra of V g1 . Fur-
thermore, assume that CV (gi)1(H0) = {0} for all i ∈ Zn \{0}. Then H0 is a Cartan
subalgebra of g˜ := V orb(g)1 , i.e. the orbifold rank condition rk(V
orb(g)
1 ) = rk(V
g
1 ) is
satisfied.
Proof. Clearly, Cg˜i(H0) ⊆ CV (gi)1(H0) since W (i,0) ⊆ V (gi). Then Lemma 3.6
implies the assertion. 
Remark 3.8. Note that CV (gi)1(H0) = {0} for all i ∈ Zn \ {0} with (i, n) = 1 is a
necessary criterion for the orbifold rank condition to be satisfied.
3.4. Lattice Vertex Operator Algebras. We now specialise to the case where
V = VL is the holomorphic vertex operator algebra associated with a positive-
definite, even, unimodular lattice L and let g be an automorphism of VL of order n
and type 0. By Theorem 2.13 we may assume that g is of the form g = νˆ e−(2pii)h(0)
for some ν ∈ O(L) and some h ∈ piν(L ⊗Z Q). The minus sign in the exponent is
a convention related to the sign convention for twisted modules (see the remark at
the beginning of Section 2).
In order to apply the dimension formula in Corollary 3.2 we have to compute the
conformal weights of the twisted VL-modules, which can be described by combining
[DL96, BK04] with Section 5 of [Li96]. Since L is unimodular, VL is holomorphic
and there is a unique g-twisted VL-module VL(g). Suppose that ν has order m
(necessarily dividing n) and Frame shape
∏
t|m t
bt with bt ∈ Z, i.e. the extension of
ν to h has characteristic polynomial
∏
t|m(xt − 1)bt . Note that
∑
t|m tbt = rk(L).
Then the conformal weight of VL(g) is given by
ρ(VL(g)) =
1
24
∑
t|m
bt(t− 1/t) + min
α∈piν(L)+h
〈α, α〉/2 ≥ 0.
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The number
ρν :=
1
24
∑
t|m
bt(t− 1/t)
is called the vacuum anomaly of VL(g). Note that ρ(VL(g)) > 0 for g 6= id, i.e. any
fixed-point vertex operator subalgebra V gL of a lattice vertex operator algebra VL
satisfies the positivity condition.
We shall apply the rank criterion in Section 3.3 to VL. A Cartan subalgebra of
g = (VL)1 is given by H = {h(−1)⊗ e0 | h ∈ h} ∼= h. Then Lemma 3.4 becomes:
Lemma 3.9. The inequality rk(g0) ≥ dim(hν) = rk(Lν) holds; with equality if and
only if
{h(−1)⊗ e0 | h ∈ hν} ∼= hν
is a Cartan subalgebra of g0 = (V gL )1.
We note that if ν ∈ H∆ ⊆ O(L) (see Section 2.3), then the equality in the lemma
is clearly satisfied. This is in particular true for the representatives of the conjugacy
classes in Theorem 2.13.
To formulate Proposition 3.7 in the special case of lattice vertex operator alge-
bras, recall from Section 2.3 that
νˆi = (̂νi)e−(2pii)si(0)
for some vector si ∈ (1/2)(Lνi)′ ⊆ hνi where (̂νi) is a standard lift of νi. Conse-
quently,
gi = (̂νi)e−(2pii)(si+ih)(0)
and the unique irreducible gi-twisted VL-module [DL96, BK04, Li96] is of the form
VL(gi) = Mhˆ(1)[ν
i]⊗ esi+ihC[piνi(L)]⊗ Cd(ν
i)
with a grading by the lattice coset si + ih+ piνi(L) and defect d(νi) ∈ Z>0.
Proposition 3.10 (Rank Criterion). Suppose that rk(V gL )1 = rk(Lν) (i.e. that
H0 := {h(−1) ⊗ e0 | h ∈ hν} ∼= hν is a Cartan subalgebra of (V gL )1). Furthermore
assume that piν(si) + ih /∈ piν(L) for all i ∈ Zn \ {0}. Then the orbifold rank
condition rk(V orb(g)1 ) = rk((V
g
L )1) is satisfied.
Proof. Let v = k(−1) ⊗ e0 with k ∈ hν be in the Cartan subalgebra H0. Let
0 6= w ∈ VL(gi) be in the homogeneous space of degree si + ih + β for the lattice
coset grading for some β ∈ piνi(L). Then
v · w = v0w = k(0)w = 〈k, si + ih+ β〉w.
Now suppose that w ∈ CVL(gi)(H0), i.e. that
0 = 〈k, si + ih+ β〉 = 〈k, piν(si) + ih+ piν(β)〉
for all k ∈ hν . Since 〈·, ·〉 is non-degenerate on hν , this is equivalent to piν(si)+ ih+
piν(β) = 0. If piν(si) + ih /∈ piν(L), then this equation cannot be satisfied and hence
CVL(gi)(H0) = {0}. In particular, CVL(gi)1(H0) = {0} and by Proposition 3.7 the
assertion follows. 
In the above proposition we demanded that CVL(gi)(H0) = {0}. Of course, we
can weaken the assumption by only requiring that CVL(gi)1(H0) = {0}, resulting
in the slightly more technical condition that there is no α ∈ si + ih+ piνi(L) with
piν(α) = 0 and ρνi + 〈α, α〉/2 + k(i,m)/m = 1 for some k ∈ Z≥0.
It will turn out that the automorphisms in Section 5 satisfy the assumptions
of Proposition 3.10 and hence the orbifold rank condition so that we can easily
determine the rank of the weight-one Lie algebra V orb(g)1 in these cases.
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Remark 3.11. Conversely, if the orbifold rank condition rk(V orb(g)1 ) = rk((V
g
L )1)
is satisfied, then, by Remark 3.8, for all i ∈ Zn \ {0} with (i, n) = 1 there is no
α ∈ si + ih + piνi(L) with piν(α) = 0 and ρνi + 〈α, α〉/2 + k(i,m)/m = 1 for some
k ∈ Z≥0.
Remark 3.12. Finally, note that if L is of rank 24, ν ∈ H∆ ⊆ O(L) (which, as
mentioned above, implies that H0 is a Cartan subalgebra of (V gL )1) and ν has order
m = n, then the condition piν(si)+ih /∈ piν(L) for all i ∈ Zn\{0} in Proposition 3.10
does not only imply the orbifold rank condition but also ρ(VL(gi)) ≥ 1 for all
i ∈ Zn\{0} and hence the the extremality of g by Corollary 3.2. Indeed, since g is of
type 0, ρ(VL(gi)) ∈ ((i, n)/n)Z, and ρνi ≥ 1−(i,m)/m = 1−(i, n)/n for all ν ∈ H∆
by an explicit calculation of all vacuum anomalies ρν . Then, si + ih /∈ piνi(L) since
piν(si)+ih /∈ piν(L) and ρ(VL(gi)) must be greater than 1−(i, n)/n and consequently
at least 1.
4. Schellekens’ List
In this section we review the classification of strongly rational, holomorphic
vertex operator algebras. By work of Zhu [Zhu96] the central charge c of such a
vertex operator algebra V is a non-negative multiple of 8 and its weight-one Lie
algebra V1 is reductive [DM04b].
The most interesting case is that of central charge 24, in particular because of
its connection to bosonic string theory [Bor92]. In 1993 Schellekens proved that the
weight-one space V1 must be one of 71 semisimple or abelian Lie algebras of rank
at most 24, which are listed in Table 1 of [Sch93] and called Schellekens’ list (see
also [DM04a, DM06, Höh17, EMS20a]).
Examples of such vertex operator algebras are the vertex operator algebras VN
associated with the 24 Niemeier lattices N , i.e. the positive-definite, even, unimod-
ular lattices of rank 24 (of which the Leech lattice Λ is the unique one without
roots). These are exactly the cases in which the weight-one Lie algebra has rank 24
[DM04b]. At the other end of the spectrum is the famous Moonshine module V \
[FLM88] with V \1 = {0}.
If V1 is one of the 69 semisimple Lie algebras in central charge 24, then the
affine vertex operator algebra 〈V1〉 ∼= Lgˆ1(k1, 0) ⊗ · · · ⊗ Lgˆs(ks, 0) generated by V1
(with levels ki ∈ Z>0) is a full vertex operator subalgebra of V . Since Lgˆ1(k1, 0)⊗
· · · ⊗ Lgˆs(ks, 0) is rational, V decomposes into the direct sum of finitely many
irreducible 〈V1〉-modules. Schellekens also showed that the isomorphism type of V1
uniquely determines the vertex operator algebra 〈V1〉 and the decomposition of V
into irreducible 〈V1〉-modules up to outer automorphisms of V1.
In a combined effort by numerous authors (see [FLM88, DGM90, Don93, DGM96,
Lam11, Miy13, LS12, LS15, SS16, LS16b, EMS20a, LS16a, Möl16, LL20] for the
existence and [DM04a, LS15, LS19, KLL18, LL20, EMS20b, LS20, LS18] for the
uniqueness) the following classification result was proved:
Theorem 4.1 (Classification). Up to isomorphism there are exactly 70 strongly
rational, holomorphic vertex operator algebras V of central charge 24 with V1 6= {0}.
Such a vertex operator algebra is uniquely determined by the Lie algebra of V1.
While the zero Lie algebra is realised by the Moonshine module V \, as of now
it is not known whether V \ is the unique strongly rational, holomorphic vertex
operator algebra V of central charge 24 with V1 = {0}.
Unfortunately, the proof of the above theorem uses a variety of different methods
and one might be led to believe that Schellekens’ classification is largely sporadic.
That this is not the case was shown in two independent papers by the authors of
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this text [Höh17, MS19] who described different uniform constructions of the 70
strongly rational, holomorphic vertex operator algebras V of central charge 24 with
V1 6= {0}.
In both works it was observed that the 70 vertex operator algebras fall into 11
families, listed in Table 1, associated with certain (algebraic) conjugacy classes of
automorphisms in Co0 ∼= O(Λ), the automorphism group of the Leech lattice Λ,
or equivalently with certain lattice genera (see Section 4.1). We note that the 11
conjugacy classes are uniquely characterised by their Frame shapes. A complete
list of the vertex operator algebras in each family can be found in the appendix.
Table 1. 11 Frame shapes and lattice genera associated with
strongly rational, holomorphic vertex operator algebras of central
charge 24.
Family O(Λ) Ord. Doubl. Lattice Genus Class No. No. of VOAs
A 124 no II24,0 24 24
B 1828 no II16,0(2+10II ) 17 17
C 1636 no II12,0(3−8) 6 6
D 212 yes II12,0(2−10II 4
−2
II ) 2 9
E 142244 no II10,0(2+22 4+6II ) 5 5
F 1454 no II8,0(5+6) 2 2
G 12223262 no II8,0(2+6II 3−6) 2 2
H 1373 no II6,0(7−5) 1 1
I 12214182 no II6,0(2+15 4+11 8+4II ) 1 1
J 2363 yes II6,0(2+4II 4
−2
II 3+5) 1 2
K 22102 yes II4,0(2−2II 4
−2
II 5+4) 1 1
In Section 5, we add another systematic construction of the 70 strongly rational,
holomorphic vertex operator algebras V of central charge 24 with V1 6= {0}, namely
as orbifold constructions associated with the 24 Niemeier lattice vertex operator
algebras VN .
Moreover, we use the corresponding inverse orbifold constructions to systemati-
cally show that each such vertex operator algebra V is indeed uniquely determined
by the Lie algebra V1 (see Section 6).
4.1. Leech-Lattice Approach. To provide some context, we explain the con-
structions in [Höh17] and [MS19], beginning with the former. Due to recent ad-
vancements we are able to formulate some of the conjectural statements in [Höh17]
as theorems.
Let V be a strongly rational vertex operator algebra. Then the Lie algebra V1
is reductive [DM04b]. Let g = g1 ⊕ · · · ⊕ gs be the semisimple part of V1. Then
the (in general non-full) vertex operator subalgebra 〈g〉 of V generated by g is
isomorphic to the affine vertex operator algebra 〈g〉 ∼= Lgˆ1(k1, 0)⊗ · · · ⊗ Lgˆs(ks, 0)
with positive integer levels ki ∈ Z>0 [DM06]. This entails that 〈·, ·〉 = ki(·, ·)
restricted to gi where 〈·, ·〉 is the invariant bilinear form on V normalised such that
〈1,1〉 = −1 and (·, ·) the invariant bilinear form on gi normalised such that the long
roots have norm 2. Moreover, it is well known that 〈g〉 contains the lattice vertex
operator algebra VQg (in general a non-full vertex operator subalgebra of 〈g〉) where
Qg :=
√
k1Q
l
1 ⊕ · · · ⊕
√
ksQ
l
s and Qli is the lattice spanned by the long roots of gi
normalised to have squared norm 2 (see, e.g., Corollary 5.7 in [DM06]).
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Let H be a Cartan subalgebra of g (assumed to sit inside VQg). Then the vertex
operator subalgebra H := 〈H〉 of V generated by H is a Heisenberg vertex operator
algebra and H is a full vertex operator subalgebra of VQg . We then consider the
commutant (or centraliser) W := ComV (H) = ComV (VQg). The double commu-
tant ComV (W ) = ComV (ComV (H)) must be a lattice vertex operator algebra,
extending VQg , i.e. ComV (H) = VL for some lattice extension L ⊇ Qg, and W is
strongly rational by Section 4.3 in [CKLR19]. Note that VL and W form a dual
(or Howe or commuting) pair in V , i.e. they are their mutual commutants, and V
is isomorphic to a (full) vertex operator algebra extension of W ⊗ VL.
Now, additionally suppose that V is holomorphic. Then the central charge c of
V is a non-negative multiple of 8, and the rank r of V1 is bounded from above by c.
Let us also assume that V1 = g is semisimple, i.e. has no abelian part. Then H is
a Cartan subalgebra of V1 and H ⊆ VQg ⊆ VL all have central charge r while W
has central charge c− r. By construction, W1 = {0}. The main results in [CKM19,
Lin17] and the fact that V is holomorphic imply that there is a braid-reversing
equivalence between the module categories of W and VL. More concretely, since
the irreducible VL-modules, the non-integral parts of their conformal weights and
the fusion rules are parametrised by the finite quadratic space L′/L, the irreducible
W -modules are also simple currents and along with the non-integral parts of their
conformal weights and the fusion rules parametrised by some finite quadratic space
R(W ), and there is an isometry τ : L′/L −→ R(W ) such that
V ∼=
⊕
α+L∈L′/L
Wτ(α+L) ⊗ Vα+L,
i.e. V is a simple-current extension of W ⊗ VL. Here, R(W ) denotes the finite
quadratic space obtained from R(W ) by multiplying the quadratic form by −1.
We specialise to central charge c = 24. In that case V1 is one of the 71 cases
in Schellekens’ list [Sch93] and hence either zero, abelian of rank 24 or semisimple
[DM04a]. We assume that V1 6= {0} or equivalently that r > 0. If V1 is abelian,
then V is isomorphic to the Leech lattice vertex operator algebra VΛ [DM04b] and
the results of the above paragraph are true with L = Λ; so we may assume that V1 is
semisimple. It is observed in [Höh17] that Schellekens’ classification implies that the
lattice L = Lg, called orbit lattice, belongs to one of the 11 genera listed in Table 1
and labelled by letters A to K. Furthermore, is shown in [Höh17], Theorem 4.7,
that W has to be isomorphic to one of 11 vertex operator algebras of the form V νˆΛν
for the conjugacy classes ν ∈ O(Λ) listed in Table 1 and corresponding to the genus
of the lattice Lg.
Here Λν = (Λν)⊥ denotes the coinvariant lattice and νˆ a lift of ν to Aut(VΛν ).
Note that since ν acts fixed-point free on Λν , all its lifts are standard and conjugate.
The result in [Höh17] depended on the conjecture that R(V νˆΛν ) ∼= R(W ) ∼= R(VLg),
which was proved in full in [Lam19] by computing R(V νˆΛν ), with partial results in
[Möl16] and by others.
In summary:
Theorem 4.2 (Leech-Lattice Picture, [Höh17]). Let V be a strongly rational, holo-
morphic vertex operator algebra of central charge 24 with V1 6= {0}. Then V is
isomorphic to a simple-current extension of
V νˆΛν ⊗ VLg
where Lg ⊇ Qg is a certain lattice determined by g in one of the 11 genera listed in
Table 1 and ν is from the corresponding conjugacy class in O(Λ). Moreover, V νˆΛν
and VLg form a dual pair in V .
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Since every vertex operator algebra of the form V νˆΛν ⊗ VL where L is in the
genus associated with ν may be extended to a strongly rational, holomorphic vertex
operator algebra of central charge 24, the lattices Lg where g runs through the Lie
algebras on Schellekens’ list exhaust all isomorphism classes of lattices in the 11
genera.
The existence of a strongly rational, holomorphic vertex operator algebra V of
central charge 24 with V1 ∼= g for each of the 70 non-zero weight-one Lie algebras g
on Schellekens’ list [Sch93] (see Theorem 4.1) is then proved by realising V as
holomorphic extension of V νˆΛν ⊗ VLg (see Theorem 4.4 in [Höh17]).
In all families except D and J the lattices Lg are non-isomorphic for differ-
ent Lie algebras g. For genera D and J the Lie algebra g = V1 (and thus the
vertex operator algebra V ) additionally depends on the choice of the isometry
τ : L′g/Lg −→ R(V νˆΛν ); see the last two columns in Table 1.
In principle, the approach in [Höh17] can also be used to prove the uniqueness of
a strongly rational, holomorphic vertex operator algebra of central charge 24 with
a given Lie algebra g = V1 6= {0} (see Theorem 4.1). By Theorem 4.2 it suffices
to classify the holomorphic extensions of V νˆΛν ⊗ VLg for all orbit lattices in the 11
genera. The general approach is described in [Höh17], Theorem 4.1. Partial results
are obtained in Section 4.3 of [Höh17]. Except for genera D and J one has to show
that each orbit lattice Lg admits only one holomorphic extension of V νˆΛν ⊗ VLg up
to isomorphism, i.e. that the choice of the isometry τ does not matter.
Finally, note that if V1 = {0} so that H = VLg ∼= C1, then the above decompo-
sition degenerates to V ∼= W ⊗ C1 ∼= W and becomes ineffective.
4.2. Generalised-Deep-Hole Approach. We first recall the notion of gener-
alised deep hole from [MS19] and then explain how it was used in [MS19] to system-
atically realise the Lie algebras on Schellekens’ list by cyclic orbifold constructions
starting from the Leech lattice vertex operator algebra.
Definition 4.3 (Generalised Deep Hole, [MS19]). Let V be a strongly rational,
holomorphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of finite
order n. We further assume that V g satisfies the positivity condition. Then g is
called a generalised deep hole of V if g
(1) has type 0,
(2) is extremal (see Theorem 3.1) and
(3) satisfies the orbifold rank condition (see Section 3.3).
Schellekens’ list can be realised by orbifold constructions from the Leech lattice
vertex operator algebra VΛ, thus also proving the existence part of Theorem 4.1:
Theorem 4.4 (Generalised-Deep-Hole Construction, [MS19]). Let g be one of the
71 Lie algebras on Schellekens’ list. Then there exists a generalised deep hole
g ∈ Aut(VΛ) such that the corresponding orbifold construction has weight-one Lie
algebra (V orb(g)Λ )1 ∼= g.
Moreover, it is shown that the generalised deep holes of VΛ with rk((V gΛ )1) > 0
project to the 11 conjugacy classes in O(Λ) listed in Table 1 under Aut(VΛ) →
Aut(VΛ)/K ∼= O(Λ) (in the case of the Leech lattice Λ the Weyl group W is trivial
since Λ has no roots), again grouping the 70 strongly rational, holomorphic vertex
operator algebras V of central charge 24 with V1 6= {0} in the same way into the
11 families A to K.
The exactly 38 algebraic conjugacy classes of generalised deep holes g in VΛ with
rk((V gΛ )1) = 0 all yield the Moonshine module V \ with V
\
1 = {0} in the orbifold
construction [Car18].
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The two pictures from [Höh17, MS19] are related as follows. Let g ∈ Aut(VΛ)
be of finite order and type 0 and let V ∼= V orb(g)Λ be the corresponding orbifold
construction. Up to conjugacy g is of the form g = νˆ e−(2pii)h(0) with ν ∈ O(Λ) and
h ∈ piν(Λ⊗Z Q).
The lattice vertex operator algebra VΛν,h with fixed-point sublattice Λν and
Λν,h := {α ∈ Λν | 〈α, h〉 ∈ Z} is a vertex operator subalgebra of the fixed-point
vertex operator subalgebra V gΛ . In fact, VΛν,h ⊗ V νˆΛν is a full vertex operator subal-
gebra of V gΛ where Λν = (Λν)⊥ denotes the coinvariant lattice and νˆ is a standard
lift of the restriction of ν to Λν . (Recall that ν acts fixed-point free on Λν so that
all lifts of ν are standard and conjugate.)
Now, let g be a generalised deep hole of VΛ with rk((V gΛ )1) = rk(Λν) > 0.
Then it follows from the classification result in [MS19] that ν is one of the 11
automorphisms in Table 1 and that the corresponding orbifold construction V orb(g)Λ
is an extension of the dual pair VLg ⊗ V νˆΛν with the same ν (and hence Lg is in the
genus corresponding to ν). Therefore, we obtain the following diagram, in which
all inclusion arrows denote full vertex operator subalgebras:
VΛ V
orb(g)
Λ
∼= V, V1 ∼= g
V gΛ VLg ⊗ V νˆΛν
VΛν,h ⊗ V νˆΛν VQg ⊗ V νˆΛν
We only need to explain the inclusion VΛν,h⊗V νˆΛν ↪−→VLg⊗V νˆΛν . Since VLg and V νˆΛν
form a dual pair in V , VLg must be an extension of VΛν,h with the same Virasoro
element. Hence, the lattice Lg is an extension of both Λν,h and Qg.
5. Systematic Orbifold Construction
In this section we present a third systematic construction of the 70 strongly
rational, holomorphic vertex operator algebras V of central charge 24 with V1 6= {0}
(the existence part of Theorem 4.1), as cyclic orbifold constructions from the 24
Niemeier lattice vertex operator algebras VN . We shall also connect this picture to
the Leech-lattice approach from [Höh17]. Finally, we provide a characterisation in
terms of generalised deep holes as defined in [MS19].
5.1. Short Automorphisms. We shall define certain short automorphisms of the
Niemeier lattice vertex operator algebras. It will turn out that there are exactly
226 short automorphisms up to algebraic conjugacy and that their corresponding
orbifold constructions give all the 70 vertex operator algebras in a systematic way.
These automorphisms, too, can be divided into 11 classes corresponding to the 11
Frame shapes in Table 1.
Recall that by Theorem 2.13, given a Niemeier lattice N , any finite-order auto-
morphism g ∈ Aut(VN ) is conjugate to an automorphism of the form νˆ e−(2pii)h(0)
where ν is from a list of representatives of the conjugacy classes of H∆ ⊆ O(N) and
h ∈ piν(N ⊗ZQ) projects to a list of orbit representatives of the action of CO(N)(ν)
on piν(N ⊗Z Q)/(Nν)′.
Also recall that H∆ ∼= H where H = O(N)/W with Weyl group W and the
isometry group of N is a split extension O(N) ∼= W :H. For ease of presentation,
in the following we identify H with H∆.
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Definition 5.1 (Short Automorphism). LetN be a positive-definite, even, unimod-
ular lattice and VN the corresponding holomorphic lattice vertex operator algebra.
Let g be an automorphism of VN of finite order n conjugate to νˆ e−(2pii)h(0) with
ν ∈ H and h ∈ piν(N ⊗Z Q). Then g is called short if
(1) g has type 0,
(2) ν has order n and
(3) h mod (Nν)′ has order n.
We comment on this definition. Item (1) guarantees that the orbifold construc-
tion exists. Explicitly, it reads
ρ(VN (g)) = ρν + min
α∈(Nν)′+h
〈α, α〉
2 ∈
1
n
Z.
Item (2) can be thought of as a minimality condition on the order of g. It means
that the order of g equals the order of the projection of g to Aut(VN )/K ∼= H.
Explicitly,
h ∈
{
1
nN
ν , if |νˆ| = n,
s+ 1nNν , if |νˆ| = 2n,
with s ∈ 12nNν from Proposition 2.15. The motivation behind item (3) will be
explained at the end of this section. This condition is equivalent to Nν,h being an
index-n sublattice of Nν .
We classify all short automorphisms of the Niemeier lattices, including the Leech
lattice Λ, up to algebraic conjugacy.
Proposition 5.2 (Classification of Short Automorphisms). There are exactly 226
algebraic conjugacy classes of short automorphisms of the Niemeier lattice vertex
operator algebras VN , listed in Table 2. Their projections to Aut(VN )/K ∼= H
correspond to the 11 Frame shapes in Table 1.
Proof. By Theorem 2.13, for each Niemeier lattice N and for each conjugacy class in
H (represented by ν) we have to determine the orbits under the action of CO(N)(ν)
on piν(N ⊗Z Q)/(Nν)′. A computer search using Magma [BCP97] reveals that there
are exactly 230 orbits (with representatives h), corresponding to at most 230 non-
conjugate automorphisms g in Aut(VN ). Note that we cannot in principle exclude
the possibility that two or more orbit representatives h give conjugate automor-
phisms g in Aut(VN ).
By considering the normaliser action (see Remark 2.14), this reduces to 226 or-
bits, corresponding to at most 226 algebraic conjugacy classes in Aut(VN ). Finally,
by studying some invariants, it is easy to see that these 226 short automorphisms
indeed represent 226 distinct algebraic conjugacy classes. 
The short automorphisms are listed in Table 2. The first two columns list the 24
Niemeier lattices N , labelled as in [Höh17] and by their root lattices. The next 11
columns are labelled by the Frame shape of the corresponding outer automorphism
in Aut(VN )/K ∼= H considered as element in O(N) as listed in Table 1. The
entry for a Niemeier lattice N and a Frame shape consists of a comma-separated
list providing for each corresponding algebraic conjugacy class in H the number
of short automorphisms in Aut(VN ). The two last columns and two bottom rows
count the total number of algebraic conjugacy classes of short automorphisms and
of their projections to H.
Quite remarkably, only outer automorphisms corresponding to the 11 Frame
shapes in Table 1 admit short automorphisms.
We also study the powers of the short automorphisms:
24 GERALD HÖHN AND SVEN MÖLLER
Table 2. The 226 short automorphisms of the Niemeier lattice
vertex operator algebras VN .
Outer Automorphism Class No. in
N A B C D E F G H I J K H Aut(VN )
A1 D24 1 . . . . . . . . . . 1 1
A2 D16E8 1 . . . . . . . . . . 1 1
A3 E38 1 1 . . . . . . . . . 2 2
A4 A24 1 . . 1 . . . . . . . 2 2
A5 D212 1 . . 1 . . . . . . . 2 2
A6 A17E7 1 2 . . . . . . . . . 2 3
A7 D10E27 1 2 . . . . . . . . . 2 3
A8 A15D9 1 4 . . . . . . . . . 2 5
A9 D38 1 3 . . . . . . . . . 2 4
A10 A212 1 . . 1 . . . . . . . 2 2
A11 A11D7E6 1 5 . . . . . . . . . 2 6
A12 E46 1 2, 2 2 . . . 1 . . . . 5 8
A13 A29D6 1 4 . . 2 . . . . . . 3 7
A14 D46 1 3 2 1 . . . . . . . 4 7
A15 A38 1 2 . 1, 1 . . . . . . . 4 5
A16 A27D25 1 6, 4, 4 . . . . . . . . . 4 15
A17 A46 1 . 3 1 . . . . . 1 . 4 6
A18 A45D4 1 4, 5 5 . 4 . 4 . 1 . . 7 24
A19 D64 1 2, 3 2, 3 1 2 1 2, 3 . . . . 10 20
A20 A64 1 3 . 1, 1 5 2 . . . . 1 7 14
A21 A83 1 3, 6 3 1 7 . 4 1 . 1 . 9 27
A22 A122 1 2 4 1, 1 5 2 4 . 2 1, 2 1 12 26
A23 A241 1 3 2 1 5 2 7 1 2 . 1 10 25
A24 Λ 1 1 1 1 1 1 1 1 1 1 1 11 11
No. in H 24 24 10 15 8 5 8 3 4 5 4 110
No. in Aut(VN ) 24 76 27 15 31 8 26 3 6 6 4 226
Proposition 5.3 (Powers of Short Automorphisms). A power of a short automor-
phism is short. The non-trivial powers of the 226 short automorphisms are tabulated
in Table 14 to Table 18 in the appendix.
With the classification in Proposition 5.2 one may prove this result in a case-by-
case computation. However, a more conceptual proof will be given in Section 5.3.
We now formulate our main result:
Theorem 5.4 (Main Result). Let g = νˆ e−(2pii)h(0) be one of the 226 short auto-
morphisms of the Niemeier lattice vertex operator algebras VN . Then (V orb(g)N )1 is
isomorphic to the Lie algebra tabulated in Table 3 to Table 13 in the appendix.
We shall prove Theorem 5.4 in Section 5.3. We thus obtain a systematic con-
struction of strongly rational, holomorphic vertex operator algebras V of central
charge 24 realising all non-zero Lie algebras g on Schellekens’ list as weight-one
spaces V1 ∼= g (the existence statement in Theorem 4.1):
Corollary 5.5 (Systematic Orbifold Construction). The cyclic orbifold construc-
tions V orb(g)N , where N runs through the 24 Niemeier lattices and g through the
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short automorphisms of the Niemeier lattice vertex operator algebras VN , realise all
70 non-zero Lie algebras g on Schellekens’ list as weight-one spaces (V orb(g)N )1 ∼= g.
We note by inspecting Table 14 to Table 18 in the appendix:
Remark 5.6. Each of the 226 algebraic conjugacy classes of short automorphisms
g is uniquely determined by the algebraic conjugacy class of its projection to
Aut(VN )/K ∼= H and the orbifold constructions V orb(g
d)
N for all d dividing the
order n of g.
5.2. Relation with the Leech-Lattice Picture. We describe the connection of
our orbifold construction with the Leech lattice description of the strongly rational,
holomorphic vertex operator algebras of central charge 24 in [Höh17] reviewed in
Section 4.1.
Given a positive-definite, even lattice L, there is an induced action of O(L) on
the discriminant form L′/L, leading to a short exact sequence
1 −→ O0(L) −→ O(L) −→ O(L) −→ 1
where O(L) is the subgroup of O(L′/L) induced by O(L) and O0(L) are the auto-
morphisms of L that act trivially on L′/L.
Now, let N be a Niemeier lattice other than the Leech lattice Λ. As mentioned
before, O(N) ∼= W :H. The coinvariant lattice NH = (NH)⊥, which is a lattice
without norm-two vectors, has an up to conjugation unique H-equivariant embed-
ding into Λ in such a way that H ∼= O0(NH) ∼= O0(ΛH) (see [Nik80], Remark 1.14.7
and Proposition 1.14.8, and [HM16]). This embedding allows to consider an element
ν ∈ H as an automorphism in O(Λ), which we also denote by ν.
If g = νˆ e−(2pii)h(0) with ν ∈ H and h ∈ piν(N ⊗Z Q) is any automorphism of
finite order and type 0 of a Niemeier lattice vertex operator algebra VN , then the
vertex operator algebra VNν,h ⊗ V νˆNν with Nν,h := {α ∈ Nν | 〈α, h〉 ∈ Z} and
coinvariant lattice Nν = (Nν)⊥ is a full vertex operator subalgebra of the fixed-
point vertex operator subalgebra V gN and of V
orb(g)
N . Note that Nν ∼= Λν . Since ν
acts fixed-point free on Nν and Λν , all its lifts are standard and conjugate so that
V νˆNν
∼= V νˆΛν .
For the short automorphisms, by Proposition 5.2, ν is from one of the 11 alge-
braic conjugacy classes of O(Λ) in Table 1. On the other hand, by [Höh17], given
a strongly rational, holomorphic vertex operator algebra V of central charge 24,
VLg ⊗ V µˆΛµ forms a dual pair in V where Lg is the orbit lattice associated with
g = V1 and µ is the one of the 11 algebraic conjugacy classes in Table 1 correspond-
ing to the genus of Lg.
Not surprisingly, all short automorphisms have the property that µ = ν, i.e. the
orbifold Lie algebra g which we determine in Theorem 5.4 is such that VLg ⊗ V νˆΛν
forms a dual pair in V orb(g)N . As in Section 4.2, this allows us to combine the orbifold
picture with the Leech-lattice picture from [Höh17]. VLg must be an extension of
VNν,h with the same Virasoro element and we get the inclusion VNν,h ⊗ V νˆΛν ↪→
VLg ⊗ V νˆΛν . In particular, the orbit lattice Lg is an extension of Nν,h (and of Qg).
In fact, the short automorphisms even satisfy that Lg ∼= Nν,h, i.e. VNν,h ⊗ V νˆΛν
itself is already a dual pair in V .
Proposition 5.7. The short automorphisms g = νˆ e−(2pii)h(0) of the Niemeier
lattice vertex operator algebras VN and the corresponding orbifold constructions
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V
orb(g)
N
∼= V satisfy the following diagram, in which all inclusion arrows represent
full vertex operator subalgebras. In particular, Nν,h ∼= Lg.
VN V
orb(g)
N
∼= V , V1 ∼= g
V gN VLg ⊗ V νˆΛν
VNν,h ⊗ V νˆNν VQg ⊗ V νˆΛν
∼=
Proof. With the results of Theorem 5.4 this is a simple case-by-case verification. 
We finally motivate item (3) in the definition of short automorphisms (Defini-
tion 5.1). That Nν,h is an index-n sublattice of Nν is necessary for Lg ∼= Nν,h to
hold since
|L′g/Lg| = |R(V νˆΛν )| = n2|(Λν)′/Λν | = n2|(Nν)′/Nν | = n2|(Nν)′/Nν |
by the results in [Lam19]. Actually, item (3) is also sufficient for Lg ∼= Nν,h since,
as explained, Nν,h is a sublattice of Lg.
Remark 5.8. Using Proposition 5.7 it is clear why all strongly rational, holomor-
phic vertex operator algebras of central charge 24 belonging to one of the 11 genera
in Table 1 can be realised as an orbifold construction of a Niemeier lattice vertex
operator algebra by a short automorphism if at least one of the vertex operator al-
gebras for this genus can be obtained: the vertex operator subalgebra VNν ⊗VNν of
VN is obtained from the vertex operator subalgebra VNν,h ⊗ V νˆNν of V by extending
the lattice Nν,h by a certain isotropic vector h∗ in its discriminant group and by
extending V νˆNν ∼= V νˆΛν to VΛν . When L runs through the different lattices in the
genus of Nν,h and is extended by an isotropic vector in the same O((Nν,h)′/Nν,h)-
orbit as h∗, then the resulting lattices K are all contained in the genus of Nν and
the resulting extensions of VK ⊗VΛν are lattice vertex operator algebras associated
with a Niemeier lattice.
5.3. Generalised-Deep-Hole Characterisation. First, we show that the short
automorphisms of the Niemeier lattice vertex operator algebras are generalised
deep holes in the sense of [MS19] (see Definition 4.3). This will then help us in
determining the orbifold construction V orb(g)N and proving Theorem 5.4.
Proposition 5.9. Let g be a short automorphism of a Niemeier lattice vertex
operator algebra VN . Then g is a generalised deep hole.
Proof. Let n denote the order of g. We check that all short automorphisms g satisfy
piν(si) + ih /∈ piν(N) for all i ∈ Zn \ {0}. (For (i, n) = 1 this is immediate from
item (3) in Definition 5.1 but for the other powers of g we need to check this case by
case using the classification result Proposition 5.2.) As explained in Remark 3.12,
this not only implies the orbifold rank condition by Proposition 3.10 but also the
extremality of g by Corollary 3.2. Since by definition a short automorphism is of
type 0, it follows that g is a generalised deep hole. 
By the previous result, for each of the 226 short automorphisms we know the
rank and the dimension of (V orb(g)N )1 by Corollary 3.2 and Proposition 3.10. Using
Schellekens’ list of possible weight-one Lie algebras V1 of strongly rational, holomor-
phic vertex operator algebras of central charge 24, together with a few additional
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data, we are then able to determine the Lie algebra structure of (V orb(g)N )1 in each
case by exclusion.
Proof of Theorem 5.4. In addition to the rank and the dimension of (V orb(g)N )1 (see
Proposition 5.9) we know:
(1) By the inverse orbifold construction the Lie algebra (V gN )1 is a fixed-point Lie
subalgebra of (V orb(g)N )1 under an automorphism of order dividing the order n
of g. On the other hand, the possible fixed-point Lie subalgebras of a Lie
algebra on Schellekens’ list under finite-order automorphisms can be classified
using [Kac90], Chapter 8.
(2) By Proposition 5.9 we know that {h(−1) ⊗ e0 | h ∈ hν} ∼= hν is a Cartan
subalgebra of (V orb(g)N )1. It is straightforward to compute the action of the
Cartan subalgebra on the left- and right-hand side of the inclusion
(V gN )1 ⊕
⊕
i∈Zn
(i,n)=1
(VN (gi))1 ⊆ (V orb(g)N )1 ⊆ (V gN )1 ⊕
⊕
i∈Zn
i 6=0
(VN (gi))1.
The corresponding (potential) root vectors must be compatible with the root
system of (V orb(g)N )1, including their lengths with respect to the unique non-
degenerate, invariant bilinear form on V orb(g)N normalised such that 〈1,1〉 = −1.
Note that the long roots of the root systems of the simple components gi
of the Lie algebras on Schellekens’ list have lengths 2/ki with respect to this
bilinear form where the ki ∈ Z>0 are the levels (see Section 4.1).
Both items together with Schellekens’ list are sufficient to reduce the possible Lie
algebra structures of (V orb(g)N )1 to just one case for all 226 automorphisms g. 
We showed in Proposition 5.9 that the short automorphisms g of the Niemeier
lattice vertex operator algebras are generalised deep holes. By construction, they
satisfy that the order of g equals the order of the projection of g to Aut(VN )/K ∼= H.
The short automorphisms are in fact characterised by these properties:
Theorem 5.10. The short automorphisms of the vertex operator algebras VN as-
sociated with the 24 Niemeier lattices N are exactly the generalised deep holes g of
VN whose orders equal the orders of their respective projections to Aut(VN )/K ∼= H
(and with rk((V gΛ )1) > 0 in the case of the Leech lattice Λ).
Proof. In the following we classify the algebraic conjugacy classes of generalised
deep holes of the Niemeier lattice vertex operator algebras whose orders are equal to
the orders of their respective projections to Aut(VN )/K ∼= H (with rk((V gΛ )1) > 0
in the case of the Leech lattice Λ). We obtain an upper bound of 226 classes,
which then must be short because there are 226 classes of short automorphisms
by Proposition 5.2 and all of these are generalised deep holes (with the additional
properties) by Proposition 5.9.
For each Niemeier lattice N we let ν vary through the algebraic conjugacy classes
in Aut(VΛ)/K ∼= O(N)/W = H. This includes but is not limited to those in Table 2.
Then we let h vary through the orbits (computed using Magma [BCP97]) of the
action of CO(N)(ν) on piν(N ⊗Z Q)/(Nν)′ and consider the automorphisms of the
form g = νˆ e−(2pii)h(0) of order n and type 0 (see Theorem 2.13 and Remark 2.14).
We then eliminate those entries from this finite list that cannot be extremal since
ρ(VN (gi)) < 1 for some i ∈ Zn with (i, n) = 1 (see [MS19]) or cannot satisfy the
orbifold rank condition rk((V orb(g)N )1) = rk((V
g
N )1) by Remark 3.11 and items (1)
and (2) in the proof of Theorem 5.4 in combination with Schellekens’ list of possible
weight-one Lie algebras of strongly rational, holomorphic vertex operator algebras
of central charge 24.
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This leaves us with 226 automorphisms of the Niemeier lattice vertex operator
algebras (all corresponding to the 11 algebraic conjugacy classes in O(Λ) listed in
Table 1), representing the 226 distinct algebraic conjugacy classes of short auto-
morphisms. 
Note that the 38 algebraic conjugacy classes of generalised deep holes g in VΛ
with rk((V gΛ )1) = 0 trivially satisfy the property that the order of the projection
of g to Aut(VΛ)/K ∼= O(Λ) is equal to the order of g but they are not short as
item (3) in Definition 5.1 is not satisfied.
We conclude this section with the proof of Proposition 5.3:
Proof of Proposition 5.3. Let g be a short automorphism of order n of a Niemeier
lattice vertex operator algebra VN . Then, by Proposition 5.9, g is a generalised
deep hole. In fact, as stated in the proof of that result, g has type 0, the conformal
weights obey ρ(VN (gi)) ≥ 1 for all i 6= 0 (mod n), and g satisfies the assumptions
of Proposition 3.10. Moreover, g and the projection of g to Aut(VN )/K have the
same order. Let d be a divisor of n. Then it is easy to see that these four properties
remain true for gd, i.e. gd is a generalised deep hole whose projection to Aut(VN )/K
has the same order as gd. Hence, by Theorem 5.10, gd is short. 
6. Systematic Uniqueness Proof
In this section we show that, given a strongly rational, holomorphic vertex oper-
ator algebra V of central charge 24 with V1 6= {0}, the Lie algebra structure of V1
uniquely determines the vertex operator algebra V (uniqueness statement in The-
orem 4.1). Together with the results in [Sch93] this implies that there are exactly
70 such vertex operator algebras up to isomorphism. We give the first systematic
proof of this statement.
The proof follows the strategy proposed in [LS19] to find for all vertex operator
algebras V with a certain Lie algebra V1 an inner automorphism ζ ∈ Aut(V ) of
type 0 such that V orb(ζ) is isomorphic to some Niemeier lattice vertex operator
algebra VN and such that the inverse orbifold automorphism g ∈ Aut(VN ) is the
unique one in Aut(VN ) up to algebraic conjugacy with certain properties (depending
only on V1 and ζ) that allow us to conclude that V ∼= V orb(g)N .
Proposition 6.1. Let g be one of the 70 non-zero Lie algebras on Schellekens’ list
and let V be a strongly rational, holomorphic vertex operator algebras V of central
charge 24 with V1 ∼= g. Then there exists an inner automorphism ζ ∈ Aut(V ) such
that V ζ satisfies the positivity condition and the following holds:
(1) the order n of ζ equals the order of the element in O(Λ) associated with the
family of g (see Table 1),
(2) ζ is of type 0,
(3) the conformal weights satisfy ρ(V (ζi)) ≥ 1 for all i 6= 0 (mod n), and
(4) dim(V orb(ζ)1 ) = dim((VN )1) for some Niemeier lattice N .
We find a total of 226 such inner automorphisms.
Proof. Since the case of abelian g is trivial (V must be isomorphic to the Leech lat-
tice vertex operator algebra VΛ by [DM04b]), we may assume that g is semisimple.
In Theorem 5.4 we realised each of the 70 non-zero Lie algebras g on Schellekens’
list as weight-one Lie algebra V¯1 ∼= g of a concrete orbifold realisation V¯ := V orb(g¯)N
associated with a Niemeier lattice N and a short automorphism g¯ of order n.
For each of these orbifold constructions the inverse orbifold automorphism ζ¯ ∈
Aut(V¯ ) has order n and type 0 and satisfies V¯ orb(ζ¯) = VN . Since g¯ has the property
that ρ(VN (g¯i)) ≥ 1 for all i 6= 0 (mod n) (see proof of Proposition 5.9), it also
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holds that ρ(V¯ (ζ¯i)) ≥ 1 for all i 6= 0 (mod n). As a generalised deep hole (see
Proposition 5.9) g¯ satisfies the orbifold rank condition, which is equivalent to ζ¯
being inner (Proposition 2.4).
Now, let V be any strongly rational, holomorphic vertex operator algebra V of
central charge 24 with V1 ∼= g ∼= V¯1. Recall that it was shown in [Sch93] that not
only the full vertex operator subalgebra 〈V1〉 ∼= Lgˆ1(k1, 0)⊗ · · · ⊗Lgˆs(ks, 0) of V is
uniquely determined by the Lie algebra structure of V1 ∼= g = g1⊕ · · ·⊕ gs but also
the decomposition of V into irreducible 〈V1〉-modules up to outer automorphisms
of g (see Section 4).
Since ζ¯, as inner automorphism, is defined purely in terms of the Lie algebra
V¯1 ∼= V1 and the decomposition of V¯ into 〈V1〉-modules, we may use it to define an
inner automorphism ζ ∈ Aut(V ), although this may depend on the concrete choice
of the isomorphism of the 〈V1〉-modules V¯ and V .
Some important properties of ζ¯ are shared by ζ. Indeed, it is clear that ζ and ζ¯
act identically on the Lie algebra V1 ∼= V¯1. This entails that ζ and ζ¯, being inner,
act identically on the vertex operator algebras V and V¯ , with respect to the chosen
〈V1〉-module isomorphism. In particular:
• ζ and ζ¯ have the same order n.
• ζ and ζ¯ have the same fixed-point Lie subalgebras V ζ1 ∼= V¯ ζ¯1 ∼= (V g¯N )1.
• The conformal weights of the corresponding twisted modules, which de-
compose into twisted Lgˆ1(k1, 0)⊗· · ·⊗Lgˆs(ks, 0)-modules since ζ and ζ¯ are
inner, are the same. Hence, ζ is also of type 0 and V ζ satisfies the positivity
condition so that the orbifold construction V orb(ζ) exists.
• Moreover, ρ(V (ζi)) = ρ(V¯ (ζ¯i)) ≥ 1 for all i 6= 0 (mod n).
• Finally, dim(V orb(ζ)1 ) = dim(V¯ orb(ζ¯)1 ) = dim((VN )1) by the dimension for-
mula (see Corollary 3.2). 
Remark 6.2. Instead of proving the existence of the inner automorphisms ζ in
Aut(V ) in the above lemma indirectly by mimicking the inverse orbifold automor-
phisms of the short automorphisms g¯ ∈ Aut(VN ), one can also explicitly write
down an appropriate element v in H, the Cartan subalgebra of V1, and then show
that ζ = e(2pii)v0 ∈ Aut(V ) has the desired properties (using the methods discussed
in, e.g., [EMS20b], Section 7). However, we find the above approach to be more
conceptual.
For most of the automorphisms ζ from Proposition 6.1 it is possible to determine
the vertex operator algebra V orb(ζ) obtained in the orbifold construction:
Lemma 6.3. For 157 (at least one for each weight-one Lie algebra g on Schellekens’
list) of the 226 inner automorphisms ζ defined in Proposition 6.1 one can show that
(5) V orb(ζ) ∼= VN for some Niemeier lattice N .
Proof. Continuing where we left off in the proof of Proposition 6.1, we attempt to
identify the orbifold Lie algebra V orb(ζ)1 . We know that dim(V
orb(ζ)
1 ) = dim((VN )1)
and that V ζ1 ∼= (V g¯N )1 is the fixed-point Lie subalgebra of V orb(ζ)1 under an automor-
phism of order dividing n. The possible fixed-point Lie subalgebras of a semisimple
(or reductive) Lie algebra under finite-order automorphisms can be classified using
[Kac90], Chapter 8. In 157 of the 226 cases we consider, there is only one Lie alge-
bra on Schellekens’ list, namely (VN )1, that has dimension dim((VN )1) and (V g¯N )1
as possible fixed-point Lie subalgebra under an automorphism of order dividing n.
Hence V orb(ζ)1 ∼= (VN )1.
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Then, since the rank of V orb(ζ)1 ∼= (VN )1 equals the central charge 24, V orb(ζ)
is isomorphic to a lattice vertex operator algebra by [DM04b], and V orb(ζ) ∼= VN
since the Niemeier lattices are uniquely determined by their root systems. 
We now consider the inverse orbifold automorphism g ∈ Aut(VN ) corresponding
to one of the inner automorphisms ζ ∈ Aut(V ). In all cases we can show that
g must be algebraically conjugate to the automorphism g¯ whose inverse orbifold
automorphism ζ¯ was mimicked by ζ.
Lemma 6.4. All of the 226 short automorphisms g¯ of the Niemeier lattice vertex
operator algebras VN are uniquely specified up to algebraic conjugacy in Aut(VN )
by the following six properties:
(1) the order n of g¯,
(2) g¯ having type 0,
(3) the extremality of g¯,
(4) the fixed-point Lie subalgebra (V g¯N )1,
(5) the orbifold Lie algebra (V orb(g¯)N )1 and
(6) the dimension of the eigenspace {v ∈ (VN )1 | g¯v = e(2pii)1/nv}.
Proof. Let g¯ be a short automorphism of a Niemeier lattice vertex operator algebra
VN and let g be an automorphism of the same vertex operator algebra sharing
properties (1) to (6) with g¯. Note that g is a generalised deep hole by properties
(2) to (5).
First, we show that g is again a short automorphism. For this, by Theorem 5.10,
it suffices to show that the order of the projection of g to Aut(VN )/K ∼= H also has
order n. IfN is the Leech lattice Λ, it was shown in [MS19] that any generalised deep
hole must project to one of the 11 conjugacy classes in Aut(VΛ)/K ∼= O(Λ) listed
in Table 1. Since the rank of the fixed-point Lie subalgebra (V gN )1 is determined
by the projection to H, which moreover must have order dividing n, the assertion
follows by inspecting the 11 possible Frame shapes.
Then, let N be a Niemeier lattice other than the Leech lattice. Again, by
inspecting the (up to) 25 possible Frame shapes that can occur in Aut(VN )/K ∼= H,
we conclude that the order of the projection of g to H must have order n except
for possibly the Frame shape 38 if n = 6 and rk((V gN )1) = 8 and 46 if n = 8 and
rk((V gN )1) = 6. By an explicit classification like in the proof of Theorem 5.10 the
existence of these spurious cases can be ruled out.
Knowing that g is again a short automorphism, we verify that every short au-
tomorphism g¯ is unique up to algebraic conjugacy amongst all the short automor-
phisms with properties (1) to (6). Hence, g is algebraically conjugate to g¯. 
Finally, we combine the above results to give a uniform proof of the uniqueness
statement in Theorem 4.1:
Theorem 6.5 (Uniform Uniqueness). Let g 6= {0} be a Lie algebra on Schellekens’
list. Then there is a short automorphism g¯ ∈ Aut(VN ) such that any strongly
rational, holomorphic vertex operator algebra V of central charge 24 with V1 ∼= g
satisfies V ∼= V orb(g¯)N . In particular, the vertex operator algebra structure of V is
uniquely determined by the Lie algebra structure of V1.
In total we find 157 such short automorphisms g¯, at least one for each of the 70
non-zero Lie algebras g.
Proof. By Proposition 6.1 and Lemma 6.3 there are 157 inner automorphisms ζ,
at least one for each Lie algebra g and defined on any strongly rational, holo-
morphic vertex operator algebra V of central charge 24 with V1 ∼= g, whose orb-
ifold constructions are isomorphic to a Niemeier lattice vertex operator algebra
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VN . Each ζ ∈ Aut(V ) was defined to resemble the inverse orbifold automor-
phism ζ¯ ∈ Aut(V orb(g¯)N ) corresponding to a short automorphism g¯ ∈ Aut(VN ) with
(V orb(g¯)N )1 ∼= g.
We then consider the inverse orbifold automorphism g ∈ Aut(VN ) corresponding
to ζ so that V orb(g)N = V . By construction of ζ, the automorphism g shares with
the corresponding short automorphism g¯ ∈ Aut(VN ) properties (1) to (6) listed
in Lemma 6.4. Indeed, all of these properties follow from corresponding common
properties of ζ and ζ¯.
We conclude that the so obtained 157 automorphisms g of the Niemeier lattice
vertex operator algebras VN are algebraically conjugate to g¯ in Aut(VN ) so that
the vertex operator algebra V = V orb(g)N is isomorphic to V
orb(g¯)
N .
We note that the 157 cases cover each non-zero Lie algebra g on Schellekens’ list
at least once, which concludes the proof. 
Appendix. List of Short Orbifold Constructions
The following 11 tables list the orbifold constructions associated with the 226
short automorphisms of the Niemeier lattice vertex operator algebras VN (see The-
orem 5.4).
For each of the 11 genera of orbit lattices Lg, each corresponding to a conjugacy
class in O(Λ) (see Table 1), the rows represent the strongly rational, holomorphic
vertex operator algebras V of central charge 24 whose associated orbit lattice Lg,
g = V1, is in the selected genus (more than one vertex operator algebra for a given
isomorphism class Lg in genera D and J). We list the number of the corresponding
entry in [Höh17] and [Sch93] and the isomorphism type of the Lie algebra g = V1
with the levels ki of 〈V1〉 ∼= Lgˆ1(k1, 0)⊗ · · · ⊗ Lgˆs(ks, 0) separated by a comma.
The columns represent the different algebraic conjugacy classes ν in the outer
automorphism groups Aut(VN )/K ∼= H ⊆ O(N) for all Niemeier lattices N (de-
noted by the number of the corresponding entry in [Höh17] and by the root system)
with the same Frame shape as the class in O(Λ).
The entry for a pair (V, ν) is the number of algebraic conjugacy classes of short
automorphisms projecting to ν such that V orb(g)N ∼= V .
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Table 3. Short orbifold constructions for genus A (124).
VN A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 A11 A12
V
orb(g)
N
D24 D16E8 E
3
8 A24 D
2
12 A17E7 D10E
2
7 A15D9 D
3
8 A
2
12 A11D7E6 E
4
6
A1 70 D24,1 1 . . . . . . . . . . .
A2 69 D16,1E8,1 . 1 . . . . . . . . . .
A3 68 E38,1 . . 1 . . . . . . . . .
A4 67 A24,1 . . . 1 . . . . . . . .
A5 66 D212,1 . . . . 1 . . . . . . .
A6 65 A17,1E7,1 . . . . . 1 . . . . . .
A7 64 D10,1E27,1 . . . . . . 1 . . . . .
A8 63 A15,1D9,1 . . . . . . . 1 . . . .
A9 61 D38,1 . . . . . . . . 1 . . .
A10 60 A212,1 . . . . . . . . . 1 . .
A11 59 A11,1D7,1E6,1 . . . . . . . . . . 1 .
A12 58 E46,1 . . . . . . . . . . . 1
A13 55 A29,1D6,1 . . . . . . . . . . . .
A14 54 D46,1 . . . . . . . . . . . .
A15 51 A38,1 . . . . . . . . . . . .
A16 49 A27,1D
2
5,1 . . . . . . . . . . . .
A17 46 A46,1 . . . . . . . . . . . .
A18 43 A45,1D4,1 . . . . . . . . . . . .
A19 42 D64,1 . . . . . . . . . . . .
A20 37 A64,1 . . . . . . . . . . . .
A21 30 A83,1 . . . . . . . . . . . .
A22 24 A122,1 . . . . . . . . . . . .
A23 15 A241,1 . . . . . . . . . . . .
A24 1 Λ . . . . . . . . . . . .
VN A13 A14 A15 A16 A17 A18 A19 A20 A21 A22 A23 A24
V
orb(g)
N
A29D6 D
4
6 A
3
8 A
2
7D
2
5 A
4
6 A
4
5D4 D
6
4 A
6
4 A
8
3 A
12
2 A
24
1 Λ
A1 70 D24,1 . . . . . . . . . . . .
A2 69 D16,1E8,1 . . . . . . . . . . . .
A3 68 E38,1 . . . . . . . . . . . .
A4 67 A24,1 . . . . . . . . . . . .
A5 66 D212,1 . . . . . . . . . . . .
A6 65 A17,1E7,1 . . . . . . . . . . . .
A7 64 D10,1E27,1 . . . . . . . . . . . .
A8 63 A15,1D9,1 . . . . . . . . . . . .
A9 61 D38,1 . . . . . . . . . . . .
A10 60 A212,1 . . . . . . . . . . . .
A11 59 A11,1D7,1E6,1 . . . . . . . . . . . .
A12 58 E46,1 . . . . . . . . . . . .
A13 55 A29,1D6,1 1 . . . . . . . . . . .
A14 54 D46,1 . 1 . . . . . . . . . .
A15 51 A38,1 . . 1 . . . . . . . . .
A16 49 A27,1D
2
5,1 . . . 1 . . . . . . . .
A17 46 A46,1 . . . . 1 . . . . . . .
A18 43 A45,1D4,1 . . . . . 1 . . . . . .
A19 42 D64,1 . . . . . . 1 . . . . .
A20 37 A64,1 . . . . . . . 1 . . . .
A21 30 A83,1 . . . . . . . . 1 . . .
A22 24 A122,1 . . . . . . . . . 1 . .
A23 15 A241,1 . . . . . . . . . . 1 .
A24 1 Λ . . . . . . . . . . . 1
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Table 4. Short orbifold constructions for genus B (1828).
VN A3 A6 A7 A8 A9 A11 A12 A12 A13 A14 A15 A16
V
orb(g)
N E
3
8 A17E7 D10E
2
7 A15D9 D
3
8A11D7E6 E
4
6 E
4
6 A
2
9D6 D
4
6 A
3
8 A
2
7D
2
5
B1 62 B8,1E8,2 1 . 1 1 1 . . . . . . .
B2 56 B6,1C10,1 . 1 . 1 . 1 . . 1 . . .
B3 52 C8,1F 24,1 . . . 1 . 1 1 . . . . 1
B4 53 B5,1E7,2F4,1 . . 1 . . 1 . 1 . 1 . .
B5 50 A7,1D9,2 . 1 . . 1 . . . . . 1 .
B6 47 B24,1D8,2 . . . 1 1 . . . . 1 . 1
B7 48 B4,1C26,1 . . . . . 1 . . 1 . . 1
B8 44 A5,1C5,1E6,2 . . . . . . . 1 1 . . .
B9 40 A4,1A9,2B3,1 . . . . . . . . . . 1 .
B10 39 B23,1C4,1D6,2 . . . . . 1 . . . 1 . 1
B11 38 C44,1 . . . . . . 1 . . . . 1
B12 33 A3,1A7,2C23,1 . . . . . . . . . . . .
B13 31 A23,1D25,2 . . . . . . . . 1 . . .
B14 26 A22,1A25,2B2,1 . . . . . . . . . . . .
B15 25 B42,1D24,2 . . . . . . . . . . . 1
B16 16 A41,1A43,2 . . . . . . . . . . . .
B17 5 A161,2 . . . . . . . . . . . .
VN A16 A16 A18 A18 A19 A19 A20 A21 A21 A22 A23 A24
V
orb(g)
N A
2
7D
2
5 A
2
7D
2
5 A
4
5D4 A
4
5D4 D
6
4 D
6
4 A
6
4 A
8
3 A
8
3 A
12
2 A
24
1 Λ
B1 62 B8,1E8,2 . . . . . . . . . . . .
B2 56 B6,1C10,1 . . . . . . . . . . . .
B3 52 C8,1F 24,1 . . . . . . . . . . . .
B4 53 B5,1E7,2F4,1 . 1 . . . . . . . . . .
B5 50 A7,1D9,2 1 . . . . . . . . . . .
B6 47 B24,1D8,2 . 1 . . . 1 . . . . . .
B7 48 B4,1C26,1 . . 1 . . . . . . . . .
B8 44 A5,1C5,1E6,2 1 . . 1 . . . . . . . .
B9 40 A4,1A9,2B3,1 . 1 . 1 . . 1 . . . . .
B10 39 B23,1C4,1D6,2 1 . . 1 1 . . . 1 . . .
B11 38 C44,1 . . 1 . . . . 1 . . . .
B12 33 A3,1A7,2C23,1 . 1 1 1 . . . . 1 . . .
B13 31 A23,1D25,2 1 . . . . 1 1 . 1 . . .
B14 26 A22,1A25,2B2,1 . . . 1 . . 1 . 1 1 . .
B15 25 B42,1D24,2 . . . . 1 1 . 1 1 . 1 .
B16 16 A41,1A43,2 . . 1 . . . . . 1 1 1 .
B17 5 A161,2 . . . . . . . 1 . . 1 1
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Table 5. Short orbifold constructions for genus C (1636).
VN A12 A14 A17 A18 A19 A19 A21 A22 A23 A24
V
orb(g)
N E
4
6 D
4
6 A
4
6 A
4
5D4 D
6
4 D
6
4 A
8
3 A
12
2 A
24
1 Λ
C1 45 A5,1E7,3 1 1 1 1 . . . . . .
C2 34 A3,1D7,3G2,1 . 1 1 1 . 1 1 . . .
C3 32 E6,3G32,1 1 . . 1 1 1 . 1 . .
C4 27 A22,1A8,3 . . 1 1 . . 1 1 . .
C5 17 A31,1A5,3D4,3 . . . 1 . 1 1 1 1 .
C6 6 A62,3 . . . . 1 . . 1 1 1
Table 6. Short orbifold constructions for genus D (212).
VN A4 A10 A15 A17 A20 A22 A5 A14 A19 A21 A23 A24 A15 A20 A22
V
orb(g)
N A24 A
2
12 A
3
8 A
4
6 A
6
4 A
12
2 D
2
12 D
4
6 D
6
4 A
8
3 A
24
1 Λ A38 A64 A122
D1a 57 B12,2 1 . . . . . 1 . . . . . . . .
D1b 41 B26,2 . 1 . . . . . 1 . . . . . . .
D1c 29 B34,2 . . 1 . . . . . 1 . . . . . .
D1d 23 B43,2 . . . 1 . . . . . 1 . . . . .
D1e 12 B62,2 . . . . 1 . . . . . 1 . . . .
D1f 2 A121,4 . . . . . 1 . . . . . 1 . . .
D2a 36 A8,2F4,2 . . . . . . . . . . . . 1 . .
D2b 22 A24,2C4,2 . . . . . . . . . . . . . 1 .
D2c 13 A42,2D4,4 . . . . . . . . . . . . . . 1
Table 7. Short orbifold constructions for genus E (142244).
VN A13 A18 A19 A20 A21 A22 A23 A24
V
orb(g)
N A
2
9D6 A
4
5D4 D
6
4 A
6
4 A
8
3 A
12
2 A
24
1 Λ
E1 35 A3,1C7,2 1 2 . 1 1 . . .
E2 28 A2,1B2,1E6,4 1 . 1 2 1 1 . .
E3 18 A31,1A7,4 . 1 . 1 1 2 1 .
E4 19 A21,1C3,2D5,4 . 1 1 1 3 1 2 .
E5 7 A1,2A33,4 . . . . 1 1 2 1
Table 8. Short orbifold constructions for genus F (1454).
VN A19 A20 A22 A23 A24
V
orb(g)
N D
6
4 A
6
4 A
12
2 A
24
1 Λ
F1 20 A21,1D6,5 1 1 1 1 .
F2 9 A24,5 . 1 1 1 1
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Table 9. Short orbifold constructions for genus G (12223262).
VN A12 A18 A19 A19 A21 A22 A23 A24
V
orb(g)
N E
4
6 A
4
5D4 D
6
4 D
6
4 A
8
3 A
12
2 A
24
1 Λ
G1 21 A1,1C5,3G2,2 1 3 2 1 2 2 2 .
G2 8 A1,2A5,6B2,3 . 1 1 1 2 2 5 1
Table 10. Short orbifold constructions for genus H (1373).
VN A21 A23 A24
V
orb(g)
N A
8
3 A
24
1 Λ
H1 11 A6,7 1 1 1
Table 11. Short orbifold constructions for genus I (12214182).
VN A18 A22 A23 A24
V
orb(g)
N A
4
5D4 A
12
2 A
24
1 Λ
I1 10 A1,2D5,8 1 2 2 1
Table 12. Short orbifold constructions for genus J (2363).
VN A17 A22 A21 A24 A22
V
orb(g)
N A
4
6 A
12
2 A
8
3 Λ A122
J1a 14 A2,2F4,6 1 . 1 . 1
J1b 3 A2,6D4,12 . 1 . 1 1
Table 13. Short orbifold constructions for genus K (22102).
VN A20 A22 A23 A24
V
orb(g)
N A
6
4 A
12
2 A
24
1 Λ
K1 4 C4,10 1 1 1 1
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The following five tables list the non-trivial powers of the 226 short automor-
phisms g of the Niemeier lattice vertex operator algebras VN .
For the five genera E, G, I, J and K of orbit lattices corresponding to a conju-
gacy class in O(Λ) of non-prime order we list the non-trivial powers gp with prime
exponent p.
The rows and columns are labelled as in Table 3 to Table 13. An entryXi1, . . . , ik
for a power gp refers to the elements in the table for the genus associated with gp
in the column corresponding to the same Niemeier lattice and the rows labelled by
the orbifold constructions Xi1, . . . , Xik.
If the same Niemeier lattice N is the label for more than one column for a power
gp, the extra row named gp identifies the column if there is a possible ambiguity.
Lastly, if there is more than one element gp for an entry specified by Xiν , an
extra index l refers to the l-th element in that entry (this applies to two cases of g
for genus I).
Table 14. Powers g2 for genus E (142244).
A13 A18 A19 A20 A21 A22 A23 A24
A29D6 A
4
5D4 D
6
4 A
6
4 A
8
3 A
12
2 A
24
1 Λ
g2 . 1 2 . 2 . . .
E1 B7 B7, 12 . B9 B12 . . .
E2 B13 . B13 B13, 14 B13 B14 . .
E3 . B16 . B14 B16 B14, 16 B16 .
E4 . B12 B15 B9 B12, 15, 16 B14 B15, 16 .
E5 . . . . B16 B14 B16, 17 B17
Table 15. Powers g2 and g3 for genus G (12223262).
A12 A18 A19 A19 A21 A22 A23 A24
E46 A
4
5D4 D
6
4 D
6
4 A
8
3 A
12
2 A
24
1 Λ
g2 . . 2 1 . . . .
g3 1 1 1 2 1 . . .
G1 C3 C3, 3, 5 C3, 5 C3 C5, 5 C3, 5 C5, 5 .
B11 B11, 16, 11 B15, 15 B15 B11, 15 B16, 16 B15, 16 .
G2 . C5 C5 C6 C5, 5 C5, 6 C5, 5, 6, 6, 6 C6
. B16 B15 B15 B15, 17 B16, 16 B16, 17, 15, 16, 17 B17
Table 16. Powers g2 for genus I (12214182).
A18 A22 A23 A24
A45D4 A
12
2 A
24
1 Λ
I1 E3 E32, 5 E3, 52 E5
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Table 17. Powers g2 and g3 for genus J (2363).
A17 A22 A21 A24 A22
A46 A
12
2 A
8
3 Λ A122
J1a C4 . C4 . C4
D1d . D1d . D2c
J1b . C6 . C6 C6
. D1f . D1f D2c
Table 18. Powers g2 and g5 for genus K (22102).
A20 A22 A23 A24
A64 A
12
2 A
24
1 Λ
K1 F2 F2 F2 F2
D1e D1f D1e D1f
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